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CN ■ Abstract 

We develop the 9-approach to inverse scattering at fixed energy in dimensions d > 3 
^ ' of [Beals, Coifman 1985] and [Henkin, Novikov 1987]. As a result we propose a stable 
method for nonlinear approximate finding a potential v from its scattering amplitude / 
at fixed energy i? > in dimension d = 3. In particular, in three dimensions we stably 
reconstruct n-times smooth potential v with sufiicient decay at infinity, n > 3, from its 
scattering amplitude / at fixed energy E up to 0{E~^'^~^~^'>/'^) in the uniform norm as 
E +00 for any fixed arbitrary small e > (that is with almost the same decay rate of 
! the error for E +oo as in the linearized case near zero potential). 

O 

lO ■ 1. Introduction 

o . 

. Consider the Schrodinger equation 

^ ■ where 

■ ve W^'^W^) for some 71 G N, n > d — 2, and some s > 0, (1-2) 

where 

W^^\R'^) = {u : A'd\ e L\R'^) for \J\ < n}, (1.3) 



> 



-Alp + v{x)t(j = Et/;, xeR'^, d>2, E > 0, (1.1) 



X 

' where 



i=i 9x(' . . . dx-^" 



Jg(NUO)'^, \J\ = J2J^: d\{x) 

1=1 

A'w{x) = {l + \xfy/^w{x), xeM^. 
For equation (1.1) we consider the scattering amplitude f{kj), where (kj) G A^e, 

Me ^ {k,l eR'^ : k"^ ^l^ ^ E}, E > 0. (1.4) 

For definitions of the scattering amplitude see, for example, [F3] and [FM]. Given v, to 
determine / one can use, in particular, the integral equation (2.5) of Section 2. 

In the present work we consider, in particular, the following inverse scattering problem 
for equation (1.1): 

Problem 1. Given / on Ai^' at fixed energy E > 0, find v on R'^ (at least approxi- 
mately, but sufficiently stably for numerical implementations). 

Note that the Schrodinger equation (1.1) at fixed energy E can be considered also as 
the acoustic equation at fixed frequency w, where E = uj'^ (see, for example. Section 5.2 
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of [HN]). Therefore, Problem 1 is also a basic problem of the monochromatic ultrasonic 
tomography. Actually, the creation of effective reconstruction methods for inverse scat- 
tering in multidimensions (and especially in three dimensions) was formulated as a very 
important problem many times in the mathematical literature, see, for example, [Gel], 
[F3], [Gro]. In particular, as it is mentioned in [Gro]: "For example, an efficient inverse 
scattering algorithm would revolutionize medical diagnostics, making ultrasonic devices 
at least as efficient as current X-ray analysis". The results of the present work can be 
considered as a step to this objective. 
Suppose, first, that 

\\v\\f^ = max \\A'd-^v\\^,^^,^ (1.5) 



\J\<n 

is so small for fixed n, s, d of (1.1), (1-2) and some fixed Eq > that the following 
well-known Born approximation 

f{k,l)^v{k-l), {k,l)eME, E>Eo, (1.6) 
v{p) = (i-)^ I e'P''v{x)dx, p e W^, (1.7) 

is completely satisfactory. Then Problem 1 (for fixed E > Eq) is reduced to finding v from 
V on B^^, where 

Br = {peR'^ : \p\ < r}, r > 0. (1.8) 
This linearized inverse scattering problem can be solved by the formula 

E) + v,rAx,E), (1.9) 

where 

Vappr{x,E)^ j e-'P^v{p)dp, Verr{x,E)^ j e-'P^v{p)dp, (1.10) 

xeR'^, E> Eq. If V satisfies (1.2), n > d, and \\v\\q'^ < C then 

\v{p)\<Ci{n,d)C{l + \p\y, peR\ (1.11a) 
\verr{x,E)\<C2{n,d)CE-^''-'^^/'^, X G K'^, E > Eq, (1.116) 

where Ci(n,(i), C2{n,d) are some positive constants and ||f||o'^ is defined by (1.5). 

If V satisfies (1.2) and, in addition, is compactly supported or exponentially decaying 
at infinity, then v on uniquely determines v on R^\B2^ (at fixed -E > 0) by an 

analytic continuation and, therefore, in the Born approximation (1.6) f on AiE (at fixed 
E > Eq) uniquely determines f on M^. However, this determination is not sufficiently 
stable for direct numerical implementation. 

In [No3], [No5] it was shown, in particular, that if v is a bounded, measurable, real 
function on R'^ and, in addition, is compactly supported or exponentially decaying at 
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infinity, then f on AiE at fixed E > uniquely determines v almost everywhere on 
for d > 3. In [No2], [No3], [No4] similar results were given also for d = 2 under 
the condition that v is sufficiently small in comparison with fixed E. However, these 
determinations of [No2] , [No3] , [No4] , [No5] are not sufficiently stable for direct numerical 
implementation (because of the nature of Problem 1 explained already for the linearized 
case (1.6)). Actually, any precise reconstruction of v, where v e C"'(M'') and suppv G Br 
for fixed n G N and r > 0, from / on at fixed i? > is exponentially unstable (see 
[Ma]). In the present work we will not discuss such reconstructions in detail. 

In [HN] for d > 2 it was shown, in particular, that if v is measurable, real function 
on R*^ and \v{x)\ < C(l + \x\)~'^~^ for some positive s and C, then for any fixed E and S, 
where < S < E, f on Lix^[ES,E+s]-^x uniquely determines v on B^^- However, unfor- 
tunately, this determination of [HN] involves an analytical continuation and, therefore, is 
not sufficiently stable for direct numerical implementation. 

Note also that in [Ch] an efficient numerical algorithm for the reconstruction from 
multi- frequency scattering data was proposed in two dimensions, but [Ch] gives no rigorous 
mathematical theorem. 

On the other hand in [No6], [No7] we succeeded to give stable approximate solutions 
of nonlinearized Problem 1 for cZ = 2 and v satisfying (1.2), n > d = 2, with the same decay 
rate of the error terms for E +oo as in the linearized case (1.6), (1.9), (1.10), (1.11b) 
(or, more precisely, with the error terms decaying as 0{E~^'^~'^^/'^) in the uniform norm as 
E +oo). Note that in [No6], [No7] we proceed from the fixed-energy inverse scattering 
reconstruction procedure developed in [Nol], [GM], [No2], [No4] for d — 2. (In turn, the 
works [Nol], [GM], [No2], [No4] are based, in particular, on the nonlocal Riemann-Hilbert 
problem approach of [M], the 5-approach of [ABF] and some results of [F2], [F3], [GN].) 
Note also that the reconstruction procedure of [Nol] , [GM] , [No2] , [No4] was implemented 
numerically in [BBMRS], [BMR]. 

In the present work we succeeded, in particular, to give a stable approximate solution 
of nonlinearized Problem 1 for d — 3 and v satisfying (1.2), n > d — 3, with the error 
term decaying as 0(£'~('^~^~^)/2) in the uniform norm as E ^ +oo for any fixed arbitrary 
small e > (that is with almost the same decay rate of the error term for E — > +00 as in 
the linearized case (1.6), (1.9), (1.10), (1.11b)). 

Note that before the works [N06], [No 7] in dimension d = 2 and the present work in 
dimension d = 3, even for real v of the Schwartz classs on M.'^, d >2, no result was given, in 
general, in the literature on finding v on from f on AiE with the error decaying more 
rapidly than 0{E~^/'^) in the uniform norm as E ^ +00 (see related discussion given in 
[N06]). 

The aforementioned result of the present work is a corollary (see Corollary 3 of Section 
8) of the method developed in Sections 3,4,5,6,7 (for d = 3) for approximate finding v on 
^2tVe froi^ f on MIe at fixed E > 0, where r g]0, 1[ is a parameter of our approximate 
reconstruction. More precisely, in the present work for v satisfying (1.2), n > 2, d — 3, 
and ||f lls'^ < C we give a stable method for approximate finding v on B2^^ from / 
on Me (at fixed E > E{s,n, p,Q,C) +00 as C — > +00) with the error decaying as 
(9(£'-(«'-Mo)/2^ in the norm || • ||s,T,^io as ^ +00 for fixed C, //q and r, where jiQ > 2, 
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< T < t(s, n, fj,o, C) — > as C — > +00, 

\ME,r,^^o= sup (1 + |p| | , (1.12) 

see Theorems 1 and 2 of Section 8. Our reconstruction procedure can be summarized as 
follows (where d — 3): 

1. From f on Me via the Faddeev equation (2.20) we find the Faddeev generalized 
scattering amplitude h-y{k, I) for (k, I) e Me, 1 ^ 

2. From h^{kj), (kj) e Me, 7 e ^k = 0, 7^ = 0, via formulas (2.8), (5.1), 
(5.9a), (5.11) and nonlinear integral equation (5.34) derived in Section 5 we find an ap- 
proximation He,t to the Faddeev generalized "scattering" amplitude H on 0.'^\ReO.^ for 
some T e]0, 1[, where 

ni; = {ke p e B,^^ : k' = E,p' = 2kp}, 
ReQ'i; = {keR'^, pe B^^^ k'^ = E, p'^ = 2kp}; 

3. From He,t on f2^\i?ef2^ via formulas (7.2) we find approximations ■0±(-, E,t) to 

This reconstruction procedure (with estimates for the difference v — v{-,E,t) on 
^2tVe) is presented in detail in Theorem 1 of Section 8. A stability estimate for this 
procedure with respect to errors in / is given in Theorem 2 of Section 8. For the case 
when nonlinear integral equation (5.34) in our reconstruction procedure is approximately 
solved just by the very first approximation, this reconstruction is, actually, reduced to the 
approximate reconstruction proposed and implemented numerically in [ABR] proceeding 
from [HN]. A numerical realization of the strict reconstruction procedure of the present 
work is now in preparation by the authors of [ABR]. 

Note also that in Corollary 2 of Section 8 we give a generalization of Theorem 1 to 
the case of approximate finding v on B^^^ from / given only on 

ME,r ^ {{k,l) e Me : \k-l\<2rVE}, (1.14) 

where £^ > 0, < r < 1. 

In the present work, besides some results of [F3], we proceed from the ^-approach to 
inverse scattering at fixed energy in dimension (i > 3 of [BC] and [HN] and some estimates 
of [ERl] and [No7]. 

The present paper is composed as follows. In Section 2 we give some preliminaries 
concerning the scattering amplitude / and its Faddeev's extension h. Our method for 
approximate nonlinear inverse scattering at fixed energy in dimension cZ = 3 is developed 
in Sections 3,4,5,6,7 and is summarized in Section 8. The main technical proofs are given 
in Sections 9,10,11,12. 

In the present work we consider, mainly, the case of the most important dimension 
d = 3. However, only restrictions in time prevent us from generalizing all main results of 
the present work to the case d > 3. 
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2. Scattering data and some preliminaires 

Note that in this paper we always suppose that real degrees of positive real values 
denote positive real values. Note also that through Cj we shall denote some positive 
constants (which can be given explicitly). 

Consider 



C"^.M(Rd) = 1^ g C'(Krf) . ii^^ii^^^ < +00}, ae]0,l], //eK, (2.1) 



where 



||w||a,M = W^^Acc, (2-2a) 
Af'uip) = (1 + \p\^Y'^u{p), p e R^, (2.26) 

\\w\u= sup (k(p)i + ier"k(p+o-«^(p)i), (2.2c) 

P,^eK^ |^|<i 

Consider also TYq,,^ defined as the closure oiC^{M!^) (the space of infinitely smooth func- 
tions with compact support) in || • \\a,n- 

Let V be defined by (1.7). If v satisfies (1.2), then 

V e 7ia,n(R"'), where a = min(l, s). (2.3) 

For equation (1.1), where 

V & 'Hoi,ix{R'^) for some ctejO, 1[ and some real iJ,>d — 2, (2-4) 

we consider the function f{k, I), where k, I e R'^, = E, of the classical scattering theory. 
Given V, to determinate / one can use the following integral equation 

/(M)=«(^-/)-/ """^;y,fi"^'"" , (2.5) 

where k, I e R'^, k'^ > 0, and where at fixed k the function / is soug ht in C"'''(R'^). In 
addition, f on Me defined by (1.4) is the scattering amplitude for equation (1.1). 
Note that 

Me = SJ^^ X where (2.6) 

S^-^ = {meR'^ : \m\ = r}, r > 0. (2.7) 

For equation (1.1), where v satisfies (2.4), we consider also the Faddeev functions 

h^{k,l) = H^{k,k-l), where k,l eR'^, k'^ = E, ^ and 

h{k,l) = H{k,k-l), where k,l e&\R'^, k^ = E, Imk = Iml (2.8) 

(see [F3], [HN], [No7]) : 
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where at fixed 7 e S^~^ and k e M'^\0 we consider (2.9) as an equation for H^{k, •) e 
C"''^(M''), 

if(fc,p) = i)(p) - / ^^^^1^^^,^^'^"^^^^ k G C^M^ p e (2.10) 

where at fixed k e C'VR'^ we consider (2.10) as an equation for H{k,-) e C'''^'{R'^). In 
addition, h on {fc,/ e C^yR*^ : Imk = Iml, k'^ = l"^ = E} or that is the same H on 
VLE\ReVLEi where 

VLE = {ke p e R^ : = 2kp, k'^ = E}, 

Re^E = {keR'^, peR^ : p^ = 2kp, k'^ = E}, ^^'"^^^ 

can be considered as the scattering amphtude in the complex domain for equation (1.1). 

Consider the operator A+{k) from (2.5) and the operators Aj{k), A{k) from (2.9), 
(2.10): 

R" 

{A^{k)U){p) = I ^^i\^/(f^~o^^^ p e R^ 7 e k e R^O, (2.13) 
R'' 

iA{k)U){p) = J ^^^yi^^'e^^'^^ ^> e R^ ke CXR". (2.14) 
R"* 

If V satisfies (2.4), then 

||A^i+(fc)A-^^i|U < il/2)\k\-''c,ia,fi,a,d)\\v\UJ\u\U, 
where A; G R'', /c^ > 1, and {Aku){l) = {l + \k-lf)^/^u{l), Z G R^ 

||A'^^^(A;)A-^«||a < (l/2)|/cr'^ci(a,/i,t7,d)||i)||«,^||i^||«, 
for 7e§'^-\ fceR^, > 

||A'^A(/c)A-^w|U < |i?eA;r"ci(a,yu,(j,d)||i)||a,^||«||a, 
for k e C'^\R'^, R 9 /c^ > 1, 



(2.15) 



(2.16) 



(2.17) 



where u G C"'0(R'^), < (t < mm(l,/i - d + 2). Estimate (2.15) follows from Theorem 
2.1 of [ERl] for d = 3 and Theorem 1.1 of [ER2] for d = 2. (Note also that (2.15) is a 
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development of a related estimate from [Fl] for d = 3.) Estimates (2.16), (2.17) are given 
in Proposition 1.1 of [No7]. 
If V satisfies (2.4) and 

\\v\\a u N < — for some a &]0,min(l, fx — d + 2)[ and some E>1, (2.18) 

ci{a,iJ,,a,d) 

then the following results are valid: 

I. For k"^ — E equations (2.5), (2.9) and (2.10) considered as mentioned above (for fixed 
k or for fixed k and 7) are uniquely solvable (by the method of successive approximations). 

II. The following formulas hold (see [F3], [HN]): 



h^{k, I) = h{k + iOj, I + iOj) for /c, / e M*^, k'^ = E, 76 
f{k,l) = hk/\k\ik,l) for k,leR'', k^ = E; 



(2.19) 

h^{k,l) = f{k,l) + -j= j h^{k,m)x{{m-kh)f{m,l)dm, (2.20) 

where 

X{s) = for s < 0, x(s) = 1 for s > 0, (2.21) 

k, I eM.'^, k^ = E, e dm is the standard measure on 

III. The following d- equation holds (see [BC], [HN]): 



d 

dkj 



H{k,p)^-2n J ijH{k,-0H{k + C,P + 0S{e + 2kC)di, 



(2.22) 



j = l,...,d, ke&\R'^, k^^E, peR'^, 



where S is the Dirac function; in addition, for d > 3 

[uiOSie + md^- [ ^ ^I^I^^3A...ded|, (2.23) 

R"" 

where J{k,^) = 4[(^i + Reki)Imk2 — (^2 + Re k2)Im ki] is the Jacobian of the map 
(Ci) • • • ) Cd) ~^ (C^ + 2i?e k^, 2Im k^, ^3, . . . , ^d) and w is a test function. 
IV. The following estimates are valid: 

\H{k,p)-v{p)\ < ^iV(l+p2)-M/2^ (2.24) 

where 

r]=\Rek\~''ci{a,ii,a,d)N, (2.25) 
7 
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k e &\R'^, P = E, p eR'^ (and where r/ < 1 due to (2.18) and the inequahty \Rek\ > 
E^f"^), and, as a corollary, 

i)(p) = i?(/c,p) + 0(^^-p-i^^^) as \k\^{\Rek\^ + \Imk\^f'^^^, (2.26) 

where k e C\W^, k'^ =E,pe R'^; 

|/(/c,/)| < — ^(1 + |A;-/P)-^/2, k,leR'^, k^ = E, (2.27a) 

1-7/ 

\f(k, I) -v(k-l)\< -^N(l + \k- ^|^)-'^/^ /c, I e R'^, k^ = E, (2.276) 

1 — T] 

\fik,l)-fik',l')\< 

C2(/^)t^(1 + \k- /p)-/^/2(|/ - + |A; - fcT), (2.28a) 
k,k',l,l' eR"^, k^ = k''^ = 1^ = 1'^ = E, \k-k'\<l, \l-l'\<l, 

\f(k, I) - v{k -I)- ifik', I') - v{k' - 0)1 < 

cM^Nil + \k- llY^^Wl -l'r + \k- k'n, (2.286) 
k,k',l,l' eR"^, k^ = k''^ = 1^ = 1'^ = E, \k-k'\<l, \l-l'\<l, 

where 

C2ifi) = c'M4if^), (2.28c) 

|p-p'|<i 



\H^{k,p) - v{p)\ < y4^^^(1 + P^)~''/^ e K'^, k^ = E, S'^-\ (2.29a) 

|iy,(/c,p) -t)(p) - (if,(/c,p') - ^(P ))l < f^iV(l +p2)-M/2|^_y|a^ 

e = E, \p-p'\ < 1, 7 e 

\H{k,p)\< ^—Nil+p^y/^, ke&\R'^, k^ ^ E, peR'^, (2.30) 

1-7/ 
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where 

rj = E-'^/^ci{a,fx,a,d)N (2.31) 

(and where rj < 1 due to (2.18)). 

Estimates (2.27), (2.29)-(2.31) follow from (2.5), (2.9), (2.10), (2.15)-(2.17). Estimate 
(2.28) follows from (2.5), (2.15) and the symmetry 

f(k,l) = f{-k,-l), k,leR'^, k^ = l^ = E>0. (2.32) 

Consider 

C«(§^-i) ^{ue C{Sf-^) : lk||^„(gd-i^ < +oo}, a e [0, 1[, r > 0, (2.33) 

where 

ll^lUc.r'^'*-!-, = ll'^llrrS'^-^ = sup \u{m)\ for a = 0, 

ii^iic"(§r^) = "^^(ii«iic(§r^)' ii^iic«(§r^))' (2.34) 

\\u\\' = sup |m — m'|^"|u(m) — u(m')| for ctejO, 1[. 

m,m eS^ , 
\m-m'\<l 

Consider 

C'^{Me) = {ue C{Me) : ||«||c«(>tB),o < +00}, a e [0, 1[, E > 0, (2.35) 

where 

||«||c«(>tB),M = II^IIc(Mb),m = 

sup {l + \k-lf)''/^\u(k,l)\ for a = 0, > 0, 

{k,i)eME 

IHlc^iME),!^ = "^ax (||u||c(XB),At' ll^irc«(XB),At)' (2.36) 

= (1 + 1^ - - /c'r + 1^ - I'rr'x 

{k,i),{k',i')eME, 

\k-k'\<l,\l-l'\<l 

\u{k,l) -u{k',l')\ for a e]0,l[, > 0. 
If assumptions (2.4), (2.18) are fulfilled, then, as a corollary of (2.27), (2.28), 

/ e C^iME), 11/ - ^||C«(M.),M < C2ifi)Y^N, 

( ^ (2-37) 

WfWc^iME),, < Y^N, 

where r] is given by (2.31), v = v{k — I), {k,l) e M.e ■ 
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Consider (2.20) for k"^ = P = E as a, family of equations parametrized by 7 and k for 
finding hj{k,-) on S^/^ from the scattering amphtude / on Me- Consider the operator 
B^{k) from (2.20): 

{B^{k)Um^^ J U{m)x{{m-k)^)f{m,l)dm, 

(2-38) 

Ze§'^"\ 7e§'^"\ keR'^, = E > 0. 

As a variation of a related result of [F3], we have that if v satisfies (2.4) and if at fixed 

7 e Ei'^~^ and k G Mf^, k^ — E > 0, equations (2.5), (2.9) (considered as mentioned above) 
are uniquely solvable, then (2.20) is uniquely solvable in C^(S^^) for any fixed / e [0, a]. 
Besides, the following estimate holds: 

\\KByik)Ar^\\c,(S--^) < csiP,f^,a,d)E-^/^\\f\\c,^M.),^x 



(2 39) 

l^ll^^g.^i^ for / e C^{Me). u e C7(§^i), 

where /3 G [0, 1[, /x > d - 2, < (t < min (1, - d+ 2), 7 e §'^~\ k eR'^ , k'^ = E > I, and 

(Afc«)(0 = (l + |/c-Z|2)i/2^(0, ^eS^^ (2.40) 

In (2.39) we do not assume that / is related with v. Actually, (2.39) is simpler than (2.15), 
(2.16), because (2.39) contains no singular integrals. 

3. Coordinates on for E > 0, r e]0, 1] and d = 3 

Consider fi^ and ReVt^; defined by (1.13). Note that C Vq, Re^'^^ C i^eO^^ 
Ti < T2, and = ^E, ReQ^°° = RcQe, where Qe and ReQ,E are defined by (2.11). 
For our considerations for d = 3 we introduce some convenient coordinates on 17^, 
> 0, < T < 1. Let 

ni^, = {keC\pe B^^^\U : k^ = E,p'' = 2kp}, 
Ren^ ^ = {A; e M^ p e B^^^\C, : ^ = E, p^ = 2kp}, 

where > 0, < r < 1, 

Br = {peR^ : \p\ <r}, r> 0, (3.2) 
/:ry = {xeR^ : tiy, teR}, ly e (3.3) 

Note that ,^ is an open and dense subset of for d = 3, i? > 0, r g]0, 1]. 
For p G M"^\i2jy consider 9{p) and uj{p) such that 

9{p), uj{p) smoothly depend on p e 

take their values in §^ and (3.4) 
e{p)p = 0, uj{p)p = 0, 9{p)oj{p) = 0. 
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Note that (3.4) imphes that 

a;(p) = ^^^^ for peM^£^ (3.5a) 



or 



where x denotes vector product. 

To satisfy (3.4), (3.5a) we can take 

1^ X 7?| |p| 

Lemma 1. Let E > 0, ly Let 9, u satisfy (3.4). T/ien the following formulas 

give a diffeomorphism between Q'^ ^ and (C\0) x iS2rVE\^'^) f^'""^ !]• 

{k^p) (A,p), where X = X{k,p) = ^^^^^^^ (3.7) 

{X,p) ^ {k,p), where k = k{X,p, E) = Ki{X,p, E)e{p) + K2{X,p, E)oj{p) + p/2, 

^) . , l/A) (^-», ..(A,p. = (1/A - A)!(^Z|Z1)^, 

where {k,p) G j^, (A,p) G (C\0) x {B2^^\Ci,). In addition, formulas (3.7), (3.8) give 
also diffeomorphisms between Re ^ and T x {B2^^\Cu) and between Q'^ ,^\Re u ^'^^ 
(C\(0 U T)) X {B^.^XO for T G]d, 1], where 

r = {A G C : |A| = 1}. (3.9) 

Actually, Lemma 1 follows from properties (3.4) and the result that formulas (3.7), 
(3.8) for X{k) and k{X) at fixed p G B^^XC^, give a diffeormorphism between {/c G C*^ : 
P = E, p^ = 2kp} and C\0. The latter result follows from the fact (see [No4]) that the 
following formulas 

A = ^1/2 — , fei = (A+ 1/A)^— , A;2 = (1/A- A)^— 

give a diffeomorphism between {/c G : /c^ = E}, E > 0, and C\0. 
Note that for k and A of (3.7), (3.8) the following formulas hold: 



\Imk\ = ^ ^'^ \\X\ - 1/|A||, 



|i?e/cH(^^^(|A| + l/|A|)2+pV4' 



(3.10) 
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where {k,p) G Q^^^, (A,p) e (C\0) x {B^^\C,), E > 0, z/ G §^ r g]0, 1]. 

We consider A, p of Lemma 1 as coordinates on $7^ and on for £^ > 0, r e]0, 1], 
d = 3. 

4. a-equation for on n^\i?en^ for > 0, r e]0, 1[ and d = 3 

Lemma 2. Let e and Zet ^, oj satisfy (3.4), (3.5a). Lei assumptions (2.4), (2.18) 
&e fulfilled. Then 

^H(k(X,p,E),p) = 

_ ^ J ((g-pV4)'/- ^^"'l^l'-^]'l^l' + " (cos ^ - 1) - Ipl^sin ^) X (4.1) 

— TT 

Jf(A;(A,p, L;), -^(A,p, ^))if(A;(A,p, ^) + C(A,p, ^, ¥p),p + e(A,p, </.))d(^ 

for A G C\(T U 0), p G B2tVe\^^^ -*-]' where A and p are coordinates of Lemma 1, 

k{X,p, E) is defined in (3.8) {and also depends on u, 9, lo), 

C(A, p, E, if) = Re k{X, p, E) (cos ip-l) + k^{\p, E) sin (p, (4.2) 
(A, ^) = ^^MA,P,^) xi^e/c(A,p,E) ^ 3 
^ ^ |/mA;(A,p,£;)| ^ ' 

Proof of Lemma 2 is given in Section 9. In this proof we deduce (4.1) from (2.22). 
Note that on the left-hand side of (4.1) 

{k{\p,E),p) eni^,\ReirE^,, 

whereas on the right-hand side of (4.1) 

{k{\p, E),-i{\,p, E, ^)) G nE\RenE, 

{k{X,p, E) + e(A,p, E,if),p + ^{X,p, E, if)) G nE\Re O^, 

but not necessarily 

(A:(A, p, E), -ax, p, E,<f))e n},\Re O^, 

{k{X, p, E) + ax, p,E,ip),p + e( A, p, E,cp))e ni,\Re il^ 

for A G C\(r UO),pe B^^^\C,, r g]0, 1], (/p g] - tt, 7r[. 

Therefore, consider XrH, where Xr denotes the multiplication operator by the function 
Xr{p), where 

Xr{p) = 1 for \p\ < r, Xr{p) = for \p\ > r, where p G M"^, r > 0. (4.4) 

Note that 

X2rVEH{k,p) = H{k,p) for {k,p) e Ql,\ReQlj, 

X2rVEH{k,p) = for {k,p) G {nE\RenE)\n^E, 

12 
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where E > 0, t e]0,l]. 

Further, (under the assumptions of Lemma 1) consider 

{UuU2}{X,p,E) = 

--J (^(£;-pV4)V2 ^ VI _^^ni I ^(cos(^-l)-lpl^sm(^jx (4.6) 

— TT 

U^{k{X,p, E), -e(A,p, E, <p))U2{k{\p, E) + e(A,p, E, <f),p+^{X,p, E, <p))d<p, 

where Ui and U2 are test functions on QE\Re^E-i k{\p, E) and ^(A,p, E', (p) are defined 
by (3.8), (4.2), A e C\(r U 0), p e B^^^\Cj,, r ejo, 1]. Now we can write (4.1) as 

d 

Q^X2r^H{k{\,p,E),p) = {H,H}{X,p,E) = {x^^^H,X2,^H}{X,p,E) + RE,r{^,P), 

(4.7) 

Re,t{X,p) = 

{(1 - X2rVE)H,X2rVEHKX,p, E) + {x^r^H, (1 - X^rVEWiKp, E)+ (4.8) 
{(1 - X2rVE)H, (1 - X2rVE)H}iX,P, E) , 

where A e C\{T U 0), p e ^2tVe\^''^ ^ e]0>l]- Thus, (4.7) is a ^-equation for H on 
0^\i?eO^ up to the remainder Re,t- Let us estimate Re,t under assumptions (2.4), 
(2.18) for d = 3, > 2 (see estimate (4.14) given below). 
Let 

sup {1-^\p\Y\U{Kp)\ (4.9) 

{k,p)&Q.E\ReO.E 

for U e L~(17£;\i?el^s), ^ > 0, > 0. 

Lemma 3. Let the assumptions of Lemma 1 he fulfilled. LetUi, U2 G L°^{QE\Re^E), 
\\\Ui\\\e,ij. < 00, 1 1 1^72! I Is, /[i < 00 for some > 2. Then: 

{Ui, U2K; ; E) e L°°((C\(T U 0)) X (i3,^^\£.)), r e]0, 1[, (4.10) 

and 

|{C7,,C/.}(A,p,£)|<^<^^l^f#^ls#^, (4.11) 



A e C\(T U 0), p G B2^^\^i^, T g]0, 1[, where C4 is some positive constant such that 

c,{i,,r,E)<^(l + ^) + ^^^ , z=^^, (4.12) 

' ^ V^^ V^min(l,2v/i)' 4t2 ' ^ ^ 

/or some positive constants C4 and C4. 

Proof of Lemma 3 is given in Section 10. 

Remark 1. Using the proof (given in Section 10) of (4.10) one can see also that 
the variations of Ui, U2 on the sets of zero measure in 0,E\Re^E imply variations of 
{Ui, U2}{-., •, E) on sets of zero measure, only, in (C\(T U 0)) x {B2^^\Ci,). 
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Under assumptions (2.4), (2.18) for d = 3, due to (2.30), (2.31), (4.4) we have that 

\\\H\\\e,^ < 2^/''{l-r^)-^N, \\\^^^^H\\\e,^ < 2'^/^(l - ii)-^N, (4.13a) 
111(1 - X2r^)H\\\E,^., < 2^/^(1 - + 2TVEr-^N, (4.136) 

where ry is given by (2.31), r g]0, 1], < //q < A*- 

Under assumptions (2.4), (2.18), d = 3, > 2, using estimates (4.13a), (4.13b) and 
Lemma 3 we obtain the foUowing estimate for Rsy- 

1^ .;,„^|< C4(^o,r,E)2MiV^ ^ 1 

^'^ (1-77)2(1 + 2t\/:E)'^-'^o(1 + |j9|)/^o (1 + 1 A|2)V (1 + 2t/E)m-mo 

(4.14) 

where A e C\{T U 0), p e B^^^\C^, r e]0, 1[, 2 < /xq < Z^- 

Estimate (4.14) for sufficiently great ji — iiq and formulas (4.12), (2.31) show, in 
particular, that Re,t rapidly vanishes when T\fE increases for < r < ti and fixed 
Ti < 1. 

5. Approximate finding H on Vt'^^\ReiV^ from H± on ReO,'^ for 
E > 0, r g]0, 1[ and d = 3 

Our next purpose is to obtain an integral equation for approximate finding H on 
0^\i?en^ from H± on if^eQ^ for ^ > 0, r e]0, 1[, d = 3, where 

iy±(/c,p) = i?,±(,,,)(/c,p), 7^(/^,p) = ±^^|f^, (5.1) 

(A;,p) e i?er2^, \p\ ^ 0, E > 0, d = 3 (where is defined by means of (2.9)). Note that 

{k-p/2)p=0, \k-p/2\ = (E-p'^/Ay/^ for {k,p) E Reil\;, E > 0. (5.2) 

We will give the aforementioned integral equation in the coordinates A, p of Lemma 1 under 
assumptions (3.5a). Note that in the coordinates A, p of Lemma 1 under assumption (3.5a) 
the following formulas hold: 

H±{k{X,p,E),p) = H{k{X{lTO),p,E),p), (5.3) 

7±(/c(A,p, e),p)=±(^y{\- ^) ^^^^ + ^ ly^^^) ' ^^-^^ 

where X eT, p e B^^XCy. 
Consider 

P+ = {A e C : |A| < 1}, r>_ = {A e C : |A| > 1}. (5.5) 
We will use the following formulas: 

(\\ ^ f (^\ ^ ff du+{C)dReCdImC \n a \ 

= 2^iJ - ^ JL c^^' ^ ^ ^'-'"^ 

r 

1 f AdC 1 /'/' du-iC) XdReCdImC , ^ 

r 

14 



Approximate inverse scattering at fixed energy in three dimensions 



where 'u+(A) is continuous and bounded for < |A| < 1, du^{X)/dX is bounded for 
< |A| < 1, ^-(A) is continuous and bounded for |A| > 1, du-{X)/dX is bounded for 
|A| > 1 and du-{X) / dX — 0(|A|~^) as |A| — > oo (and where the integrals along the circle T 
are taken in the counter-clockwise direction). Note that the aforementioned assumptions 
on u± in (5.6) can be somewhat weakened. Formulas (5.6) follow from the well-known 
Cauchy-Green formula 

dV 

where D is a bounded open domain in C with sufficiently regular boundary dV and u is 
a sufficiently regular function mV = V U dV. Assuming that A, p are the coordinates of 
Lemma 1 under assumption (3.5a), consider 

H{X,p,E)^H{k{X,p,E),p), AGC\(ruO), (5.8) 

H±{X,p,E)=H±{k{X,p,E),p), AgT, (5.9a) 

H+{X,p,E) = H{k{X,p,E),p), XeV+\0, (5.96) 

H_{\p,E) = H{k{X,p,E),p), AeP_, (5.9c) 

where p e B^^XC-^^ and H±{k{X,p,E),p) in (5.9a) are defined using (5.1) or (5.3). One 
can show that, under assumptions (2.4), (2.18), (i = 3, and for p G B^^\C^, H^{X,p, E) 
is continuous for < |A| < 1 and H_{X,p, E) is continuous for |A| > 1. Further, using 
(2.30), (4.7), (4.8), (4.13) and Lemma 3 one can see that, under assumptions (2.4), (2.18), 
where d = 3, > 2, and for p G B^^XCi,, H±{X,p, E) satisfy the assumptions for u±{X) 
mentioned in (5.6) and (therefore) formulas (5.6) hold for u±{X) = H±{X,p, E). 

Proposition 1. Let assumptions (2.4), (2.18), where d = 3 > 2, he fulfilled. Let 
A, p he the coordinates of Lemma 1 under assumption (3.5a). Let H{X,p,E) he defined hy 
(5.8). Then He,t = H{X,p,E) as a function of X G C\(TUO) and p G ^2t\/e\^'^^ where 
T g]0, 1[, satisfies the following nonlinear integral equation 



where: 



HE,r = H%^^ + ME,riHE,r) + QE,r. TG]0,1[, (5.10) 

H%,A\P) = ^ / H+{C,p,E)^, X G V+\0, p G B^^^\C,, (5.11a) 
r 

Hlr{>^,p) = ^-(^'^''^)^(^3a)' ^ e P_, p G B,^^\C., (5.116) 

r 

where H±{X,p, E) are defined hy (5.9a); 

MEAU)i\p) = M+^iU)i\p) = 

~~ JJ^ t^)£;,r(Cp) ^— , A G V+\0, p G B^^^XC^, 
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MeAU){\p) = m-^^{u){\p) = 

1 ff (nm ^ ^dReCdlmC , „ ^„ (5.126) 

~~ JJ^ ^)s,r(C,p) — _ — , XeV_, pe B^^^\£^, 

{Ul,U2)E,r{\P) = 

2/.M/2S^«(|Ap-l)(|AP + l)^ ^ , ,1 . \ 

-- j \^{E-p^/4)'/^ ^ ^' ' -^^j^' ' ^(cos(^-l)-bl^sin (^jx 

— TT 

Ui{zi {X,p, E, <f), -^(A, p, E, <f))U2{z2{X, p,E,^),p + ^(A, p, E,^))x 

X2.y^(e(A,p,£;,^))X2.vs(P + ^(A,P,^,^))cJ^, AeC\(ruO), pefi2ry^\£,, 

(5.13) 

where U, Ui, U2 are test functions on (C\(TUO)) x {B^^^XC^), 

k{X,p, E ){9{-aX,p, E, ip)) + iuj{-aX,p, E, cp))) 
zi{X,p, E, (f) = 



Z2{X,p, E, V?) = 



(E-|e(A,p,i?,vp)|V4)V2 
{k{X,p, E) + e(A,p, E, ip)){6{p + ^{X,p, E, ip)) + iu{p + ^{X,p, E, ^))) 



{E-\p + ax,p,E,if)\y4y/^ 

(5.14) 

for X e C\(TUO), p e B^^X^^, ^ e [— tt, tt], and where k{X,p, E), C{X,p, E, (p) are defined 
by (3.8), (4.2), 6, uj are the vector functions o/(3.4), (3.5a); 

QeA\p) = -I jj^ REACp)^^^f^f^, A e P+\0, p e B,^^\C.,i5.15a) 

QeA^p) = -I jj^ ReAC.p)^^^^^^, XeV_,pe (5.156) 

where Re,t is defined by (4.8). 

Proposition 1 follows from formulas (5.6) for u±{X) = H±{X,p,E) (defined by (5.9)), 
the d- equation (4.7), formula (4.6) and Lemma 1. We consider (5.10) as an integral 
equation for finding He,t from H% ^ with unknown remainder Qe,t- Thus, actually, we 
consider (5.10) as an approximate equation for finding He,t from ^. 

Let 

\\\U\\\E,r,^.= sup {l + \p\r\U{X,p)\ (5.16) 
AeC\(ruo), 

for U e L~((C\(r U 0)) X (B^^^XC^)), where E > 0, r g]0, 1[, z/ G §^ ;U > 0. 

Lemma 4. Let E > 0, ly E S^, r g]0, 1[, ji > 2. Let Me,t he defined by (5.12) 
{where A, p are the coordinates of Lemma 1 under assumption (3.5a)). Let Ui,U2 G 
L°-((C\(ruO)) X {B^,^\C^)), |||t/i|||E,,,^<+oo, \\\U2\\\E,r,f. < +00. Then 

MeAUj) e L~((C\(r UO)) X iB^,^\C,)), j = 1,2, (5.17) 

\\\MEAUME,r,^. < C5C4{fi,T,E){\\\Uj\\\E,r,f^)^ j = 1,2, (5.18) 
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\\\ME,r{Ul) - ME,r{U2mE,r,, < 

< C5C4{lJ,,T, E){\\\Ui\\\e,t,i^+ \\\U2\\\e,t,i^)\\\Ui - U2\\\e,t,h, 

where C4{fi,T,E) is the constant of (4.11) and 

1 ff dReCdImC 1 ff \X\dReCdImC , 

= IX - Ik (i + mic-Ai = /.f _ jL ici(i + mic-Ar ('-'"^ 

Formulas (5.17), (5.18) follow from formulas (5.12) (5.13), Lemma 1, formula (4.6) and 
Lemma 3. To obtain (5.19) we use also the formula 

{Uu Ul)E,r - {U2, U2)E,r = (f^l ' U2, U^)E,r + (t^2, - U2)E,r- (5.21) 

Lemma 5. Let assumptions (2.4), (2.18) be fulfilled and rj be given by (2.31), where 
d = 3. Let 

5='-p^^l0^<l. (5.22) 
Let H±{X,p,E) and H% .^{\p) be defined by (5.9a), (5.11), r e]0, 1[. Then 

\H^{\p.E)-v{p)\< ^,_^^l^^^2y;. ^ (5.23) 

\H^{\p.E) - H^iX ,p,E)\ < (i_^)2(i_^)(i+^2),/2 ^ (5-24) 
where A, A' e T, |A- A'| < {E - p'^ /4)-^/^, < /? < min (a, ct, 1/2), p e B^^^\Ly; 

e L-((C\(ruO)) X {B,^^\C,)), (5.25a) 
mlr\\\E,r,,<2'^/'N + j^^^^^ 0</3<min(a,a,l/2). (5.256) 

Lemma 5 is proved in Section 11. 

Lemma 6. Let assumptions (2.4), (2.18) be fulfilled and rj be given by (2.31), where 
d = 3, fj, > 2. Let Qe,t be defined by (5.15), r g]0, 1[. Then 

QE,r e L~((C\(ruO)) X (B2,^\£.)), (5.26) 

iiin III ^ 3c5C4(/xo,T,£;)2^iV^ 

- (l-,)^(l + 2rV^)M-Mo ' 2 ^ ^« ^ ^'-''^ 

Lemma 6 follows from (5.15), (4.14), (5.20). 

Lemmas 4,5,6 show that, under the assumptions of Proposition 1, the non-linear 
integral equation (5.10) for unknown He,t can be analyzed for ^, Qe,tj He,t £ 
L°°((C\(r U 0)) X {B^^^\C^)) using the norm ||| • \\\E,r,no, where 2 < fxo < ii. 
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Consider the equation 

U = U^ + ME,r{U), E>0, Te]0,l[, (5.28) 

for unknown U. Actually, under the assumptions of Proposition 1, we suppose that = 
^E,T Qe,t or consider as an approximation to H^ .^ + Qe,t- 

Liemma 7. Let E > 0, ly e S^, r e]0, 1[, /U > 2 and < r < (2c5C4(//, r, E))-^. Let 
Me,t be defined by (5.12) {where A, p are the coordinates of Lemma 1 under assumption 
(3.5a)). Let e L°°((C\(T U 0)) x (B^^^XC^)) and \ \\U'^\\\E,T,^, < r/2. Then equation 
(5.28) is uniquely solvable for U e L°°{{C\{T UO)) x {B^^^\cl)), \ \\U\\\E,T,fx < r, andU 
can be found by the method of successive approximations, in addition 

where Me,t,u" denotes the map t/ — > C/^ + Me,t(U). 
Lemma 7 is proved in Section 12. 

Lemma 8. Let the assumptions of Lemma 7 be fulfilled. Let also U'^ G L°°((C\(T U 
0)) X {B2^^\Ci,)), \ \\U'^\\\E,T,fj. < andU denote the solution o/(5.28) withU^ replaced 
byU"^, whereU eL^{{C\{TU0))x{B2^^\C^)), \\\U\\\E,r,^. < r. Then 

\\\U- < (1 - 2c5C4(/x,T,£;)r)-i|||t/0 - | Is.r,^- (5-30) 

Lemma 8 is proved in Section 12. 

Proposition 1 and Lemmas 4,5,6,7,8 imply, in particular, the following result. 

Proposition 2. Let assumptions (2.4), (2.18), (5.22) be fulfilled, where d — 3, /j, > 2. 
Let 1/ e §^ T e]0, 1[, 2 < //o < A*, < /? < min [a, a, 1/2) and 

max (n, r2) < (20504(^/0, t, E))~^, (5.31) 

where 

oM/2.r I C7(a,;^,a,/3)iV" 3c,c4po,T,E)2m^ _ n 

^(1- 77)2(1 -5)E/3/2^(l-r7)2(l + 2rv^)™ 2' ^^"'^''^ 

= r2, (5.326) 

1 — ?7 

and r], S are given by (2.31) { d = 3), (5.22). Let 

max (ri, r2) < r < (2c5C4(/xo, r, E))~^. 

Then 

111^ _^ III < 3c5C4(/xo,T,E)2^Ar2 

IN E,r - ^l_2c,c^{f,^,T,E)r){l-rJ){l + 2TVEy-^^o' ^ 
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where He,t = H{X,p,E) as a function of X & C\(T U 0) and p e B^^^XCi, (as in 
Proposition 1 ) and He,t is defined as the solution of 

HE,r = i^l. + ME,r{HE,r), (5.34) 

where 1 1 |^E,r| | |E,r,Mo < 

Using the definitions of rj and 5 of (2.31), (5.22) we obtain that: 



(5.35) 



if < Cs{(y, /i, /io, o", E, r), then conditions 
(2.18), (5.22) and (5.31) are fulfiUed, 

where 0<Q!<1, 2<//o</x, 0<cr<l, £'>1, 0<t<1, d = 3. 
Due to (4.12), we have that: 

C4{H,T,E) <e if <T <T{e,n), E>E{e,ii) (5.36) 

for any arbitrary small e > and appropriate sufficiently small T{e,iJ,) g]0, 1[ and suffi- 
ciently great E{e,iJ,), where > 2. 

Using (5.37) and the definitions of r] and 5 of (2.31), (5.22) we obtain that: 

if < T < ri(Q;, /U, /Uo, cr, A), E > Ei{a, n, ^o, a, N), then conditions 

(2.18), (5.22) and (5.31) are fulfilled, ^ " ^ 

where ti and Ei are appropriate constants such that ti e]0, 1[ is sufficiently small and 
£■1 > 1 is sufficiently great, < ct < 1, 2 < /iq < /i, < cr < 1, (i = 3. 

As a corollary of Propositions 1,2 and property (5.37), we obtain the following result. 

Corollary 1. Let assumptions (2.4) be fulfilled, where d = 3, ji > 2, and \\v\\a,ij. < A 
for some A > 0. Let 

< T < Ti{a,ii,no,a,N), E > Ei{a, /i, /iq, cr, N), 

where 2 < fio < ij,, < a < 1. Then H±{X,p, E), X E p E B2tVe\^'^-i determines {via 
(5.11), (5.34)) H{X,p, E), X E C\(TUO), p E B^^^\C^, up to 0{E-^^'-^'°')/^) in the norm 
III • |||E,T,Ato as E ^ +00 {due to estimate (5.33), where , for example, r = max(ri,r2)). 

6. Finding H± on ReflE and H^^ on (C\(TUO)) x {B^^^\C^) from f on Me 
Under assumptions (2.4), (2.18), due to (2.27), (2.28) we have that 



\ciM^),^ < 9iN, (6.1) 
|c«(a1e),m < 92N, (6.2) 
g, = {l-rj)-\ g2^C2{^){l-v)-\ (6.3) 



where rj is given by (2.31). 
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To find H± on ReVLE and H% ^ on {C\{T U 0)) x {B^^^\C^) from / on Me (for 
d = 3) we proceed from (2.20), (5.1) and (5.9a), (5.11). Due to (2.20) we have that 

h^{k,-) = f{k,-) + B^{k)h^{k,-), ^eS"-', keS^J, (6.4) 



where the operator B^{k) is defined by (2.38). 
Let us decompose hj{k,l) as 



h^{k, I) = h^^^ {k, I) + t^^\k, I), (6.5) 

n 

h^;'\kr) = Y.iB,ik)yfikr), (6.6) 

t^:;^\k, .) = {B^{k)r+'f{k, .) + B^{k)t^^\k, .), (6.7) 

where7e§'^~\ /c, Z e n e N U 0. 

Further, using (2.8), (5.1), (5.11), (6.5) let us decompose H± and ^ as: 

H± {k,p) = iy£"^ {k, p) + Ti"^ (/c, p) , (6.8) 
i^i") (/c, p) = h%^^^ (k, k-p), Tt^ {k, p) = t%^^^ (k, k-p), (6.9) 

where n e N U 0, {k,p) e i?el)^, \p\ ^ 0, E > 0; 

Hl^{X,p) = <:(A,p) + T°';(A,p), (6.10) 

where n e N U 0, A e C\(r U 0), p G B^^^\C^, > 0, r g]0, 1[, and if?.'';, T°'" are 

defined by (5.11) with H±{C,p,E) replaced by H^^\k{C,p, E),p) and T^\k{C,p, E),p), 
respectively, where k{\,p, E) is defined in (3.8). 

Lemma 9. Let d — 3. Let f satisfy (6.1), (6.2) and 

<5i = C3(0, fi, a, 3)E-/ Vat < 1, 

/o (o-ll) 
52 = C3(a,/i,(7,3)£;-"/'^2iV, 

/or some a g]0, 1[, > 1, ct g]0, min (1, 1)[, -E > 1 and some gi, (72, g]0, +oo[, gi < g2- 
Then (6.4), (6.7) for fixed ■y, k a,ndn are uniquely solvable for h^{k, ■),ti^\k, ■) G C"(§^) 
(&y the method of successive approximations) and the following estimates hold: 

'^-^^'^)'^ (l-M(l+'lL-^|y^ ' ^'-''^ 
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where ^ e , k,l,l' e \l-l'\<l; 

c9(A/^)(giiv)^i7-yi^ ^^"^"^^ 

where 7, 7' e §^ /c, /c', Z e S^^, 7/c = 7'/c' = 0, I7 - 7'! < 1, |/c - < 1, < /3 < 1/2; 
|if±(fc(A,p,i?),p)-if±(A;(A',p,i?),p)| < 

cioM(l + ^2)g2iV(ig-pV4)"/2|A-Ar C9(/3,/x))(giiV)2|A-Ar (6-15) 

(l-5i)(l+p2)M/2 + (l-5i)2(l+p2)M/2 ' 

where A, A' G T, |A - A'| < {E - p e B^^\£^, k{X,p,E) is defined in (3.8), 

< P < 1/2, anc? H±{k,p) are defined by (5.1); 



Cl2(a)cio(/i)(l + 52)^2A^ ^ Ci2(/9)c9(/3,;U)(^liV)2 



(6.16) 



l-5i (l-5i)2E/3/2 y(l+J92)p/2' 

u;/iere A e C\(T U 0), p e B^^\jC,„ r e]0, 1[, and i?^^^ zs defined by (5.11); 

(/c,ij ^7 i'^'^)!^ (i_5^)(l + |;,_;|2)^/2' 
w/iere n G N U 0, 7 G §^ /c, /, /' G §y^, |/ - l'\ < 1; 

\t(^\kJ)-i-\k'J)\< ^^^'92N\k-k'\ 



a 



V-'V 'VI - |^_;|2)M/2 

C9(/^, //)Jf (1 + n(l - Ji))(^iiV)2|7 - y |/^ 
(l-5i)2(l + |A;-Z|2)M/2 



(6.19) 



where n e N U 0, 7, 7' e §^ /c, /c', Z e 7/c = 7'/c' = 0, I7 - 7'] < 1, |/c - < 1, 

< /? < 1/2; 

\Tt^ (kiX, p, E),p)- T^^ ikiX',p, E),p) I < 

{Si + C2{fi)S2)S^g2N{E-py4)^/^\X - AT 

(l-5i)(l+p2)/./2 + (6.20) 

C9(/^, //))(5ni + n{l - 6i)){g,N)^\X - X'\^ 

(l-(5i)2(l+p2)M/2 
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where n e N U 0, A, A' e T, \X- \'\ < {E - P e B^^\C^, k{\p, E) is defined 

in (3.8), < /? < 1/2, and T^\k,p) are defined in (6.9); 



1-Si 

ci2{a){Si + C2{IJ)52)92N ^ ci2(/3)c9(/3, At)(l + n(l - 5i)){giNf , ^ ^i) 



l-5i (1 - 5i)2E^/2 



(1 + p2)M/2 



(6.23) 



w/iere n e N U 0, A G C\(T U 0), p G B^^\C^, r e]0, 1[, and T^'" is de^necl in (6.10). 

Note that in Lemma 9 we do not suppose that / is the scattering amplitude for some 
potential. Lemma 9 is proved in Section 11. 

Lemma 10. Let the assumptions of Lemma 9 he fulfilled. Let estimates (6.1), (6.2) 
he also fulfilled for f {in place of f). Let h^, H±, ^ correspond to f as well as h-y, H±, 
H% ^ correspond to f. Then: 

\h.ikj)-h,{kj)\<^^jl^^ 7e§^ kJeS'^; (6.22) 

|(iy± - H±){k{X,p,E),p) - {H± - H±){k{X',p,E),p)\ < 
2max (1, cio(/x)(l + S2){1 - 5^)g2N + cq{(3, fi){giNfE-^/^)x 

e^/^/^|a-at^(II/-/IIc(m.),m)^-- 

(l-5i)2(l+p2)M/2 

where A, A' G T, |A-A'| < {E -p^/4)-^/^, p e B^^\C^, < (3 < min{a, 1/2), < £ < 1; 
\HlM,p)-Hl,{X,p)\ < (^cn(l + ln E){\\f - f\\ciM,),^r+ 
2ci2{eP) max (1, cio(//)(l + S2XI - Si)g2N + cg{p, ti){giNfE-l^/'')^ x (6.24) 

(11/ - f\\c{ME),^iV~^ 

(l-5l)2(l+p2)M/2 ' 

where X e C\(ruO), p e B^^\C^, 0<t<1, 0</?< min(a,l/2), < £ < 1. 

Note that in Lemma 10 we do not suppose that / and / are the scattering amplitudes 
for some potential. Lemma 10 is proved in Section 11. 
Let 

tt(s, si, S2) = 1 for se[0, si], 

tt(s,si,S2) = — — for s e [si,S2], (6.25) 

S2 — S\ 

tt(s. Si, S2) = for se[s2,+oo[, 
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where < si < S2- 

Lemma 11. Let f satisfy (6.1), (6.2) for some E > 0, /j, > 0, a e]0,l[ and gi, ^2, N e 
]0,+oo[. Let 

f{k,l) = f{k,l)u{\k-l\,2ToVE,2T^/E), {k,l) e Me, (6.26) 
where u is defined by (6.25), < tq < r < 1. Then: 

||/||c(M.),M < ^1^, (6-27) 
" c«(M.),M < (92 + vtf V' (6.28) 

(6.29) 



Wf-fWciM.Uo < (l + 4^2^^(M-Mo)/2 ^0 ^ [0'^] 



Lemma 11 is proved in Section 11. 

7. Approximate finding v on B^^^XjCi, from He,t on (C\(TUO)) x {^2T%fE\^'^) 

Consider, first, He,t defined in Proposition 1. Under assumptions (2.4), (2.18), for- 
mulas (2.26), (3.8), (3.10), (5.8) imply that 

^E,r(A,p) ^ i)(p) as A^O, ^^^^ 
He,t{\p) v{p) as A ^ 00, 

where p G B^^^\C^, r e]0, 1[. 

Consider now He,t defined in Proposition 2. Under the assumptions of Proposition 
2, the following formulas hold: 

HE,r{^,p)^v+{p,E,T) as A^O, (7.2a) 
HE,r{\p)^v-{p,E,T) as A ^00, (7.26) 



where 



v+{p,E,t) = ^ I H+{C,p,E)^- 



r 

v_{p,E,t) = ^.J H.{Cp,E)^+ 

T 



(7.3a) 



^jj {HE,r,HE,r)EAC,P) 



(7.36) 



c 



where p G B^^^XCu, r e]0, 1[, H± are defined by (5.9a), {He,tiHe,t)e,t is defined by 
means of (5.13). Formulas (7.2), (7.3) follow from the definition of He,t as the solution 
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of (5.28), where u*^ = ^, 1 1 |-^_b,t| I |b,t,m < ^ (see Proposition 2), formulas (5.11), (5.12) 
and Lemma 3. Formulas (5.16), (7.1), (7.2) imply that 

\\v -v±{■,E,T)\\E,T,^l< \\\He,t - HE,T\\\E,T,ti, (7.4) 

where 

|h||E,r,M= sup {l + \p\Y\w{p)\, (7.5) 

E > 1, T e]0, 1[, < 0, w IS a. test function. Under the assumptions of Proposition 2 (or 
under the assumptions of Corollary 1), formulas (5.33), (7.4) imply that v on B^^^\Ci, 

can be approximately determined from He,t on (C\(^UO)) x Bi^^/^\C.v as 'U±(-,£^,t) of 
(7.2), (7.3) and 

||i)-i)±(-,E,T)|U,,,^„ = 0(E-(^-^o)/2) as E^+oo. (7.6) 

8. Approximate finding v on B2tVe\^'^ from / on A^^; for d — 3 

In this section we summarize our method (developed in Sections 3,4,5,6,7) for approx- 
imate finding v on B^^^ from f on M.e- 

Consider Ti(q;, /x, /xq, cr, A^) and i?i(Q;, /x, /xq, cr, A^) of (5.37), where 0<q;<1, 2</xo< 
/X, 0<cr<l,Ar>0. Let gi, §2 be some fixed numbers such that 

gi > {l-E-''/^ci{a,iJ,a,3)N)~\ 

^2>C2(;(x)(l-E--/2ci(a,/i,a,3)Ar)-\ g^<g2, (8-1) 
for E > Ei{a, ji, iJ,o,a, N). 

Consider -E2(/x, a,N,gi) > 1 such that 

Si<l for E>E2{i^,a,N,gi), (8.2) 

where (5i is defined in (6.11), 2 < /x, < cr < 1, iV > 0. 

Theorem 1. Let v satisfy (2.4), where d = 3, /x > 2 and \\v\\a,n < for some N > 0. 

Let 

< T < Ti{a,fi,iJ,o,a,N), E > max{Ei{a, n, iJ,o,a, N), E2{iJ,,cr, N, gi)), (8.3) 

where 2<fxo<n, 0<a<l ^'^^ 9i satisfies (8.1). Let / be the scattering amplitude 
for equation (1.1) and v±{p, E, r) he determined from f on Me via the following (stable) 
reconstruction procedure: 

f on Me^^^^^ h^{k,l), {k,l)eME, -teS'^, ^k = 

(2.8), (5.1), (5.9a) 

^ ff±(A,p, E), XeT, pe B^^^\C^, 
(5.ii)_^5.256) ^0^^^^^^)^ ^ ^ C\(r u 0), p e 

^'4'^#£;,,(A,p), AeC\(ruO), peB2,^\£.,^'-'4'-'^i;±(p,E,T), peB^,^, 
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where integral equations (2.20), (5.34) are solved by the method of successive approxima- 
tions. Then 

\\V — V±{-,E,t)\\e r un < 1= 1 8.5) 

" ^ ' (l-2c5C4(//o,T,E)r)(l-r7)(l + 2TV:E)M-Mo' ^ ^ 

where || • ||B,T,Ato defined by (7.5), r] = E~'^/'^ci{a, /i, a,3)N , r = max(ri,r2), where ri,r2 
are defined by (5.32), and thus 

\\v-v±i■,E,T)\\E,r,^.o = OiE-^^-^'°^/'') as E ^ +oo (8.6) 
at fixed a, hq, t, N. 

Theorem 1 follows from estimates (6.1)-(6.3) and Lemma 9 of Section 6, Lemmas 
5,7,8, Proposition 2 and property (5.37) of Section 5, formulas (7.2)-(7.4) of Section 7 and 
the definition of -E'2(«, A*? cr? 92)- 

Note that for finding ^ from H± in (8.4) we mention also estimate (5.25b), in 

addition to formula (5.11). This means that: (1) we determine H'^ ^ from H± by (5.11); 
(2) we redefine H*^ ^ by the formulas: 



Hl^{X,p) ^ Hl^{X,p) if 

\HE,rM\ < (^2 / AT + (i_^)2(l_5)^,/2 y (1 + 1^1). 



(8.7a) 



(Xn)^ I ^7(c.,/i,^,/3)iV^ \ 1 Hl^iKp) 

IfT-O M ..^1 ^ /^o^/2Ar I C7(«,^,a,/3)iV^ \ 1 



^.76) 



where ry is defined by (2.31), (i = 3, 5 is defined by (5.22), < /? < min (a, cr, 1/2). If, 
under the assumptions of Theorem 1, the scattering amplitude / is given with no errors 
and all calculations based on (2.20), (2.8), (5.1), (5.9a), (5.11) of (8.4) are fulfilled with no 
errors, then estimate (5.25b) is fulfilled automatically. However, if some of these errors are 
present, then estimate (5.25b) taken into account according to (8.7) permits to improve 
the stability of the reconstruction procedure (8.4). 

Theorem 2. Letgi, g2 satisfy (8.1). Letv^ N, r, E, a, /Uq, o" satisfy the assumptions 
of Theorem 1. Let f be the scattering amplitude for equation (1.1) and, as in Theorem 1, 
v±{-,E,t) be determined from f on M.e via (8.4). Let f be an approximation to /, where 
estimates (6.1), (6.2) are valid also for f in place of f. Let v±{-,E,t) be determined from 

f on M.E via (8.4) {including (8.7)) with /, /i-y, -ff±, H*^ ^, He,t, v{-,E,r) in place of f, 

h^, H±, H^E He,tj v{-jE,t), respectively. Then 

\\v±{;E,T)-~V±{;E,T)\\E,r,,.o < (cil(l+ln E){\\f - f\\c(M^-),^r + 

2ci2(£/?) max (1, cio(/x)(l + S^^l - S^)g2N + c^ fiXg^NfE-f"/^)) x 

iWf - f\\c{ME),nV~^ , N 

, r = max (ri, r2). 



(l-5i)2(l-2c5C4(//o,T,£;)r) 
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where 0<£<1, 0</?< min (a, 1/2), 5i, 82 are defined in (6.11), ri, r2 are defined by 
(5.32). 

Theorem 2 follows from Lemma 10 of Section 6, Lemma 8 of Section 5 and the following 
formula 

\\v±i;E,T)-~V±i;E,T)\\E,r,>.o < \\\HE,r - H E,r\\\E,r,^.o- (8-9) 

Consider M.e,t defined by (1.14). Consider the function / defined by (6.25) on Ais , 
where / is the scattering amplitude for equation (1.1). Note that / = on M.e\J^e,t and 
/ is completely determined from / on M.e,t- As a corollary of Theorems 1 and 2 of this 
section, estimates (6.1)-(6.3) and Lemma 11 of Section 6 we obtain the following results. 

Corollary 2. Letv, N, r, E, a, //q, c satisfy the assumptions of Theorem 1. Let 
f he the scattering amplitude for equation (1.1) and f on Me be defined in terms of f on 
■Me,t by (6.25). Let, further, v{-, E,t) be reconstructed from f on M.e via (8.4) [including 
(8.7)) as in Theorem 2. Then 

ll^-^(^^'^)ll^.-,Mo = o(-^(^Zi)^^z^) «^ £;-+oo (8.10) 

for fixed e g]0, 1[ and a, fXo, r, tq, N. 

Let us remind that if v satisfies (1.2), then v satisfies (2.3). Using this remark and 
Theorem 1 we obtain the following result. 

Corollary 3. Let v satisfy (1.2), where d — 3, n > 3. Then: 

(1) V satisfies the assumptions of Theorem 1 for n = n and some a e]0, 1[ and N > 0; 

(2) the scattering amplitude f on Me determines v on up to 0{E~^'^~^~^^/'^) in 
the uniform norm as E ^ +oo for any fixed arbitrary small £ > via (8.4) {where r and 
E satisfy (8.3) with a, fj, and N of the item (1), /iq = 3 + e and some a e]0, 1[) and the 
formula 

^(^) = ^tvvri^^ ^' ^) + ^trri^^ r), (8.11) 



where 



'"appri^^ E,t)^ I e 'P''v±ip, E, T)dp, 



vtr^{x,E,T)= J e 'P''{v{p)-v±{p,E,T))dp+ J V 



{p)dp. 



(8.12) 



9. Proof of Lemma 2 

First of all, for d = 3 we write equation (2.22) as 



26 



Approximate inverse scattering at fixed energy in three dimensions 

for j = 1,2,3, k e C^\M^ k"^ = E, p e R^ where ds is arc-length measure on the circle 
U e : f + 2ki = 0}. 

Taking into account (3.10), (3.8) we have that 

^ u(h.i\ T?\ \ \^dkjdH{k,p) 

1 — 1 

(9.2) 

Ef dKi dK2 \dH{k,p) , ^„ 
y-dx'^ + al"^ J ^1—' ^ ^ ^ ^ ^^^^^^^ 

where k = k{\,p,E), ki = Ki{\,p,E), K2 = k,2{\p,E), 9 = d{p), oj = oj{p), see (3.8), 
(3.4). 

Formulas (9.1), (9.2) imply that 



d_ 
dX' 

{^eM": e^+2feC=o} (9.3) 

g(fe,-e)iy(fe+e,P+e) |^^^ii^^^| , Aec\o, peB,,^\£., 

where = k{X,p, E), ki = Ki{X,p, E), K2 = K2{X,p, E), 9 = 9{p), to = uj{p), t g]0, 1]. 

Let the circle G R"^ : + 2k^ = 0} (where k = k{X,p,E)) be parametrized by 
</? e] — 7r,7r[ according to (4.2). In the parametrization (4.2) the following formula holds: 

ds=\Rek\dip, (9.4) 

where ds is arc-length measure on e : + 2k^ = 0}. 
Further, 

fc"*" '■^■^M^'^-' \Imk\~^{Im Ki9 + Im K2 uj) x {Re ki9 + Re K2UJ + p/2) = 
\Imk\~^{Im Ki9 X ReKi9 + Im ki9 x ReK2UJ + Im ki9 x p/2+ (9-5) 
Im K2U; X Re Ki9 + Im K2U> x Re K2U) + Im K2UJ x p/2). 

Formula (9.5) and the formulas 

(3.4), (3.5a) . (3.4),(3.5o) . (3.4), (3.5a) ^ n n n fn (i\ 

9 X CO = p, 9 X p = —UJ, UJ X p = 9, 9x9 = 0, uj x uj = 0, (9.6) 
where p = p/\p\, imply that 

\t)\ \t)\ 

k^ = \Imk\~^{Im Ki ReK2 — ImK2 ReKi)p + ImK2 —9 — Imni ~2^)- (9-7) 

Formulas (3.4), (3.8), (4.2), (9.7) imply that 

6*^ = -ReKi(cos(^ - 1) + (2|/m/c|)"^/m K2\p\ sin(^, 
uj^ = ReK,2{cos(p — 1) — {2\Imk\)~^Im K,i\p\ sm(p. 
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Due to (9.8) we have that 

dRi 



al'^ + = [-g^R<= «i + ^R-' -2 ) (cos <p-iH 

\P\ ( dRi dK2 \ . 



(9.9) 



2\Imk\\dX dX J 

The definition of ki, k,2 (see (3.8)) imphes that 

dRi_(^ 1 (^-pV4)^ dR2 _ ^ I .^iE-^/^ 

i?eM = (A + A+- + ^)^ /,„«i = (A-A + --^)^ 

ReK2 = {j-j-X + X)^ y ^ , /m«2 = (- + ^-A-A)^ 

(9.11) 

where A e C\0, p G B^^\C^. Due to (9.10), (9.11) we have that 

—^ReKi + --=-ReK2 = 
oX oX 

E-p'^/4:f, 1.. - 1 1. , \.A 1 



8 



((l-J,)(A + A+i4)-(l+J,)(i4-A + A)) 



E-i?l\, - 1 1 A 1 1 1 1 1 

-—{X + X^ h--- ^-^ ^ h (9.12) 

8 ^ A A A2 A A2A A3 A A ^ ' 

, ^ 1 1 A 1. 
^"^"A^+A^^^A^^P- 

4 ^ J?X'~ 4 

dRi dR2 J 

dX dX 

E-p'^/Af, 1,,1 1 , , 1,,, - 1 1,\ 

^^((^-A^)(A + A-^-^)-(^+p)(^-^n-A)) = 

^^(i + i-A-A-i-i + A + i_ (9.13) 
8 ^A A A2A A3^A2^A ^ ' 

- . 1 1 A 1 1 1 . _ 

^ + ^"A+I"P + I"PA+P''- 
E-p^ 2 1 E-pV4(|A|2-1)2 



A A2A^ 4 |A|2A 

The d- equation (4.1) follows from (9.3), (9.4), (9.9), (9.12), (9.13), (3.9). 
Lemma 2 is proved. 
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10. Proof of Lemma 3 

Let us show, first, that 

{t/i, U2}i; •, E) e L,- „,((C\(T U 0)) X r e]0, 1[. (10.1) 

Property (10.1) foUows from formula (4.6), the properties 

C/i(A;,-C(fc,^)) e L°°((SE\i?eS^;) X [0,27r]) (as a function of fc, ^), (10.2) 



U2{k + ^{k,^),p + ^{k,ip))eL°°{{nE\RenE) X [0,27r]) 
(as a function of k,p, ip), 



(10.3) 



where 



EE = {keC^: k^=E}, Re^E = {k eR^ : k^ = E}, (10.4) 

^(/c,<^) = i?e/c(cos<^ — 1) + /c""" sin^?, ^-L _ -^^^^ (10.5) 

and Lemma 1. In turn, (10.2) follows from Ui G {Q E\Re ^ e) , definition (2.11) {d = 3) 

and the fact that p — —^{k,(f), (f G [0, 2tv], is a parametrization of the set G : p'^ = 
2kp}, k G T,E\ReT,E- To prove (10.3) consider 



n'E = {/c G C^ / G : k'^ = f = E, Imk = Iml}, 
RcVl'e = {/c G R^ Z G : k^ = 1^ = E}. 



(10.6) 



Note that 



Consider 



Q!E\ReQ.'E ~ ^E\ReClE, 

(k, I) G i^'sXRe ^'e ^ik,k-l)e ilsXRe ^e, (10.7) 
{k,p) G Q,E\ReVLE =^ {k,k - p) e QeXRcQe- 

U2{k,l) = U2{k,k-l), (k,l) en'^XRen'^. (10.8) 



The property U2 G L°°{fl,E\ReO,E) is equivalent to the property 
U2 G L°°(f2^\i?ef2'^). Property (10.3) is equivalent to the property 

U2{k + C{k, if), I) e L°^{{n'E\RenE) x[0,2n]) (as a function of k,l,^). (10.9) 

Property (10.9) follows from the property 



U2{C{l,^IJ,ip)+iImlJ) e L^{{J:E\Re^E) X [0, 27r] x [0,27r]), 
(as a function of I, ■0, ip), 



(10.10) 



where 



C{l,i/j,ifi)^Relcos{(fi-ip) + l^sm{ifi-ip), = — -— - — . (10.11) 

-/ 1 1 b b\ 
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Note that k = ({l^ifj^ip), ip G [0, 27r], at fixed i/^ e [0, 27r] is a parametrization of the 
set Si = {k e : k^ = Imk = Iml}, I G EeXRcEe- In turn, (10.10) follows 
from U2 G L°° {fl'^\Re fl'^) , definition (10.6) and the aforementioned fact concerning the 
parametrization of Si. Thus, properties (10.10), (10.9), (10.3) are proved. This completes 
the proof of (10.1). 

Let us prove now (4.11). 

We have that 

{C/i, U2}{X,p, E) = {C/i, C/2}i(A,p, E) + {C7i, C/2}2(A,p, E), (10.12) 

where 

{t/i, C/2}i(A,p, E) = -^(£;-pV4)V2 ^^^(I^I'-1)(I^I' + 1) |^,, U2U\p. E), (10.13a) 



{Ui,U2}3{X,P,E)^ [ (cos(/?-l)x 

J —TV 



(10.136) 

t/i(/c(A,p, E), -e(A,p, (^))t/2(A;(A,p, E) + ^{X,p, E, cp),p+^{X,p, E, cp))dcp, 

{UuU2}2{X,p,E) = ^^-i{Ui,U2UX,P,E), (10.14a) 



{Ui,U2}a{\p,E)= I sin^x 

J —-K 



(10.146) 

t/i(fc(A,p, £;), -e(A,p, E, <p))U2{k{X,p, E) + e(A,p, E, cp),p+^{X,p, E, cp))dcp, 

X G C\(T U 0), p G ^2rv^\/:., r G]0, 1[. 
Formulas (4.2), (4.3) imply that 

ICP = \Rek\'^ ((cos (f - 1)2 + (sin(^)2) = 4|i?e /cp(sin((^/2))^ (10.15) 

where ^ = ^(X,p, E, (p), k = fc(A,p, £;). 

The relation = 2k(X,p, E)p, p G M^, implies that 

p = -Rek(X,p,E)(cosi: - 1) - k^(X,p,E) smip (10.16) 

for some i/' = i/j{X,p,E) G [— 7r,7r], where k^(X,p, E) is defined by (4.3). Formulas (4.2), 
(4.3), (10.16) imply that 

|p + ^|2 ^ |i?e/cp((cosv?-cosV')^ + (sin(/?-sin'i/')2) = 4|i?e A:p(sin ^^)^ 

^ (10.17) 

bp = 4|i^e/cp(sin|)^ 

where C = C(A,P, E, (p), k = k(X,p, E), ^ = ip(X,p, E). 
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Using the assumptions of Lemma 3 and formulas (10.13b), (10.14b), (10.15), (10.17) 
we obtain that 



\{UuU2}3{X,p,E)\< 



\{Ui,U2}4{X,P,E)\< 



(l-cos<^)|||C/i|||,,^ 



(1 + 2r| sin((^/2)|)A'(l + 2r| sin(^) |)m ' 

\sin^\\\\U,\\\Ej\\U2\\\E,,dip 



(1 + 2r| sin((^/2)|)/^(l + 2r| sin(«)|)/^ 



(10.18) 
(10.19) 



where r = Re k{X,p, E), ip — 'ilj{X,p, E). 
Consider 



A(r,V',a,/3) 



(1 — cos (p)d(p 



TV 



(1 + 2r| sin((^/2)|)«(l + 2r| sm{^)\y ' 

I siuLpl dip 



(1 + 2r| sin(^/2)|)«(l + 2r| sin(^) |)/3 ' 

— /I 

where r > 0, V e [-tt, tt], a > 2, /3 > 2. Due to (10.18)-(10.20) we have that 

\{U^,U2h{\p,E)\ < \\\U^\\EJ\m\\E,^A{r,^l;,^i,^i), 
\{U^,U2}a{\p.E)\ < |||C/i||U,^|||C/2||U,M5(r,V,/^,/^), 

where r = Rek{X,p, E), ip = ip{X,p, E). 

Lemma 12. Letr>Q,^ e [-tt, tt], p = 2r| sin(?/)/2)|, a > 2, /3 > 2. T/ien 

4 

yl(r, V', a, /3) < J^Aj(r,V',ct,/3), 

/ 3 

Ai(r,V',a,/3) < min ( 4 



(10.20a) 
(10.206) 



(10.21a) 
(10.216) 



A2(r,^,a,/3) < ^ 
^3(r-,V,«,/?) < 



6r3'r3 ; (l + p/2)/3' 
1 



r3 (l + p/2)«+i^ 
4p3 1 



r3 (l + p)«(l + p/2)^ 



A4{r,ilj,a,P) < 



+ 



2n 



1 + r2 (1 + V2r)« y (1 + p/2)^ 



S(r,V',a,/3)<$^S,(r,V',a,/3), 

V2p\ 1 



-Bi(r, '0, a, /3) < min 



2r2' r2 ; (l + p/2)/3' 
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2p^ 1 
r2 (l + p/2)«+i^ 
4p2 1 



r2 (l + p)«(l+p/2)^ 



B^{r,i(;,a,p)< (^ + 



1 + r (l + x/2r)«y (l + p/2)/5- 

Proof of Lemma 12. Note that 

^(r, -0, a, /?) = ^(r, --0, a, /?), -B(r, -0, a, /?) = -B(r, --0, a, (3). 
Therefore, it is sufficient to prove Lemma 12 for -(/; e [0, tt]. Let 

1 — cos (f 



(1 + 2r| sin((^/2)|)«(l + 2r| sin(^)|)/3 ' 
sin(^ 



(1 + 2r| sin((^/2)|)«(l + 2r| sin(^^)|)/3 ' 
For ij) ^ [0, tt] we have that: 

^(r,V,a,/?) < 2 j W^i(r,V,a,/?,¥')ci<^ = Xl^i(r,V,«,/5), 



where 



V-/2 

^i(r,V,«,/3) = 2 j Wi{r,i;,a,P,ip)dip, 







A2(r,V',a,/3) = 2 j Wi{r,i;,a,P,ip)dip, 



min (3i/'/2,7r) 



A3(r,V,a,/3) = 2 ^ W^i(r, V', a, A 



1/, 

TT 



A4(r,V',a,/3) = 2 J Wi{r,^lj,a,P,^)d(p; 



min (3'(/'/2,7r) 

TT 
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where 

^/2 



Si(r,V',a,/9) = 2 J W2{r,i;,a, /3,if)dif, (10.40) 







52(r,V,«,/?) = 2 J W2ir,i;,a,P,^)d^, (10.41) 



V/2 
min {3i>/2,n) 



S3(r,V', «,/?) = 2 j W2{r,iP,a,P,<p)d<p, (10.42) 



S4(r,V, «,/?) = 2 y iy2(r,V,«,/3,¥')ci¥'- (10-43) 

min (3V'/2,7r) 

To prove Lemma 12 it remains to prove estimates (10.23)-(10.26), (10.28)-(10.31) 
for Ai,A2,A3,A^,Bi,B2,B3, B4^ defined by (10.35)-(10.38), (10.40)-(10.43) for i/j e [0,7r]. 
Note that in these proofs given below we largely use the following formulas 

p — 2rsin('0/2) = 4r sin('i/;/4) cos('i/'/4), 

p/2<2rsin(V^/4), sin(V^/4) < ^^^'"^^^ 

where i/j e [0, tt]. 

Proof of estimate (10.23) for A^ of (10.35). We have that 

' (l + 2rsin((^/2))"(l + 2r|sin(^^)|)/3 - 





V/2 



(10.45) 



4{sin{(p/2))^d<f 
(l + 2rsin(V'/4))/5 y (1 + 2r sin(^/2))' 



(10.44) I 



(l + 2rsin(V'/4))/' - (l + p/2)^' 
4(sin((/?/2)) dv? ^ 4fsinfc^/2))"dc^ < 8V2 / fsinfc5/2))"cisinf(^/2) < 



(1 + 2rsin(^/2)) 



— (smW4))' < — (^L-j =-(^j 



4(sin((^/2))2d(^ < 8^2 I {sin{ip/2)fdsin{ip/2) 
(10.47a) 
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V'/2 ... 2 '^/^ 



7 (l + 2rsin((^/2))« - 7 4r2(l + 2r sin((^/2))«-2 - ^^^^^^^^ 



< - sin = 

2 ^2 2 ^ 4 7-3' 



where e [0, tt], a > 2, /3 > 2. Estimate (10.23) for Ai of (10.35) follows from (10.45)- 
(10.47). 

Proof of estimates (10.24) for of (10.36). We have that 



^ ^ /■ 4(sin(vp/2))^rfyp ^ 

^ 7 (l + 2rsin(^/2))«(l + 2r|sin(^)|)/3 ~ 

'^Z' (10.48) 
4(sin('0/2))2 /• 



(1 + 2rsin(V'/4))« } (1 + 2r sin(^/2))/3 ' 







4(sin(V'/2))2 (10^44) (p/r)^ ^^^^^^^ 



(l + 2rsin(V'/4))« " (l + p/2)«' 



V>/2 V/2 

J d(f f (2/cos(v?/2))rfsin((/9/2) 



< 



(1 + 2rsin(v?/2))^ J (1 + 2r sin((/j/2))/^ - 



sin(-(/'/4) 

2x/2 / dt _ V2 f 1 \ (10.50) 

^ 7 (l + 2rt)/3 r(/3-l)V (1 + 2r sin(V'/4))/3- ^ ' - 





r(l + 2rsin(V'/4)) ~ r(l + p/2)' 



where V e [0,7r], a > 2, /? > 2. Estimate (10.24) for A2 of (10.36) follows from (10.48)- 
(10.50). 
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Proof of estimate (10.25) for of (10.37). We have that 

min(7r,3V'/2) 



16(sin(^/4) cos{(p/4:)fd(p 
(1 + 2r sin((^/2))«(l + 2r sin(^))^ 



min (7r,3i/)/2) 

16(sin(3V'/8)2 f d(p 



(l + 2rsin(V;/2))« J (i + 2r sin(^))^ 



< 



^/2 

16(sin(V'/2)2 /• d<f 



dw ^ 



(1 + 2rsin(V'/2))« J (1 + 2r sin(^/2))/3 







(10.44)^(10.50) 4p3 



r3(l + p)«(l + p/2)' 
where V e [0, tt], a > 2, /? > 2. Estimate (10.25) for of (10.37) is proved. 
Proof of estimate (10.26) for A4 of (10.38). We have that 

A{sm{<f/2))^d<p ^ 



[1 + 2rsin((^/2))«(l + 2rsin(^))/3 

lin {tv,34'/2) 

1 } A{sm{ip/2)fdip ^ 



(1 + 2rsin(V'/4))/3 y (1 + 2r sin(^/2)) 


7r/2 TT 

1 f f ^ f\ 4(sin((/7/2))2c/v7 



(l + p/2)/3Vy y y (l + 2rsin(v?/2))^ 

7r/2 



r/2 

4(sin(v?/2))2d(^ (10.47a) 8^ _ _ 4 



y (1 + 2rsin((^/2))« " 3 ^ ^ ' 



3' 





7r/2 



A{sm{ip/2)fdip (10-476) TT 



(1 + 2rsin(v?/2))« " 2r2 ' 





TT 

\2 



/ 



4:(sin((p/2)yd(p ^ 27r 



(l + 2rsin((^/2))« ~ (1 + 2r sin(7r/4))« ' 

7r/2 

where V e [0,7r], a > 2, /3 > 2. Formulas (10.52)-(10.54) imply that 

4 / 5 X 27r 



3 ^ ' 4r2^ (1 + v^r)«" 
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Estimate (10.26) for of (10.38) foUows from (10.55) and the inequality 

>min(l,^), c> 0, s > 0. (10.56) 

Proof of estimate (10.28) for Bi of (10.40). We have that 

B = f 2 sin((/?)rf(/? ^ 

^ J (l + 2rsin(^/2))«(l + 2r|sin(^)|)/3 - 

1 f 2sm{^)d^ ^ 



(l + 2rsin(V'/4))/3 y (1 + 2r sin((/?/2)) 







ip/2 sin(i/)/4) 

1 / 4sin((^/2) cos((/?/2)d(/? 1 f 8tdt 



/■ 4sin((^/2) cos((/?/2)d(/? _ 1 /" 
{l + p/2y j (l + 2rsin((/p/2))° ~(l + p/2)/3 / (r+ 2rt)« ' 



sin(i/'/4) sin(i/'/4) 

/8t(it /■ (10.44) ^2 

(1 + 2rt)<^ - y 8tdt = 4(sin(^/4))2 < ^, (10.58a) 



1(^-/4) 

/ ^ 4sinW4) UO-) TV 

7 (1 + 2rt)« - r ~ r2 ' ^ ^ 



where ^ e [0,27r], a > 2, P > 2. Estimate (10.28) for Bi of (10.40) foUows from (10.59), 
(10.60). 



Proof of estimate (10.29) for B2 of (10.41). We have that 



, 4sin(<^/2) cos((p/2)d(p 

B2 = / — — -7—— . , . . ./.x,.^ < 



(1 + 2rsin((^/2))«(l + 2r| sin(^)|)^ 

•0/2 

tP/2 

4sin(7/;/2) /• (10.59) 



(l + 2rsin(V'/4))« J (1 + 2r sin(^/2))/3 







(10.44M10.50) 



r2(l + p/2)«+i' 

where V e [0,7r], a > 2, /5 > 2. Estimate (10.29) for B2 of (10.41) is proved. 
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Proof of estimate (10.30) for of (10.42). We have that 

min {-17,31^/2) 

I 



I 8sin((^/4) cos(<^/4) cos{(p/2)d(p 



(1 + 2rsin((^/2))«(l + 2rsin(^))/3 



min(7r,3V'/2) 

lsin(3?A/8) f df 



(l + 2rsin(V'/2))« J (i + 2r sin(^))/3 



< 



V'/2 

8sin('0/2) / dip 



(1 + 2rsin(V;/2))« J (1 + 2r sin(^/2))/^ 







(10.44)^(10.50) 4p2 



r2(l + p)«(l + p/2)' 

where V e [0,7r], a > 2, /3 > 2. Estimate (10.30) for S3 of (10.42) is proved. 
Proof of estimate (10.31) for B4 of (10.43). We have that 

^ ^ f 2sm{^)d^ ^ 

^ y (l + 2rsin(v?/2))«(l + 2rsin(^))/3 - 

min (7r,3'!/'/2) 

4sin((/?/2) cos((/?/2)(i(/? ^ 



/4sin 



{l + p/2y\J J J (l + 2rsin((^/2))« 

7r/2 

sin(7r/4) sin(7r/2) 

(1 + p/2)^ ( I ^ I )(l + 2rt)«' 

sin(7r/4) 



sin(7r/4) 





sin(7r/2) 



(10.60) 



(1 + 2r sin(V'/4))/' J (1 + 2r sin((^/2))« 

V2 I (10.61) 
1 f /■^^ 8siii(^/2)Jsin(v5/2) 



/■ 8tdt (10.58) _ x/2, (10.56) 2 1 + 72 

/ 7 — < 2min(l,— ) < ^ 10.62) 

J (l + 2rt)" - V' ; - i + r' ^ ^ 



8tdt 4(2 -V2) 

< (10.63) 



(1 + 2rty - (1 + v/2r)« ' 

sin(7r/4) 

where ip e [0,7r], a > 2, p > 2. Estimate (10.31) for B4 of (10.43) follows from (10.61)- 
(10.63). 
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Lemma 12 is proved. 

Lemma 13. Let 

T = r(A, p, E) = {{E - pV4)(|A| + \X\-'r + V2/2, 
|sin(V'/2)| = p/(2r), 

where A e C\0, p e [0,2t/E], E > 0, t e]0,l[, e [-7r,7r]. Let 

z=(1-t^)/(At^). (10.65) 



(10.64) 



r/ien; 



|AP - (|AP + l)V£mm(1.2Vi)(l + p/2)'5 

(10.70) 





-pV4)V2(|a|2 + i) 




|A|2 


{E 


-pV4)V2(|a|2 + i) 




|AP 


{E 


-pV4)^/^(|Ap + l) 


{E 


|A|2 

-pV4)^/^(|Ap + l) 



|A| 


< 


(|A|2 + 1)2^(1 +p/2)/5' 


pB2 


< 


16|A| 


|A| 


(|A|2 + l)2;2(l+p/2)°' 




< 


32|A| 


|A| 


(|A|2 + 1)2^(1 +p)«' 




< 


15 



|A| - (|A|2 + l)Vi(l + p/2)^^ 



(10.71) 
(10.72) 
(10.73) 



where Aj = Aj{r,\i(^\,a, P), Bj = Bj{r,\i(^\,a, P) are the same that in Lemma 12, j = 
1,2,3,4, a>2, p>2. 

Proof of Lemma 13. The property p e [0, 2t\/E] and formula (10.65) imply that 

E - p^/A > zp^. (10.74) 

Further, proceeding from (10.23)-(10.26), (10.28)-(10.31), (10.64) and (10.74) we prove 
separately each of estimates (10.67)-(10.74). 

Proof of (10.66). Note that 

{E - pV4)V2p3 _ p2/4)l/2^3 



< 



6r3 6((E - pV4)(|A| + + p2)3/2 - 

4p3 (10^74) 4p 



3(|A| + |A|-i)((E-pV4)(|A| + |A|-i)2 + p2) - 3z(|A| + |A|-i)3' 
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{E - p'l^fl'^p (10.64) 8(E - pV4)i/2p 



r3 ((£;_p2/4)(|^| + 1^1-1)2+^2)3/2 

8p (10^74) 



< 



(|A| + |A|-i)((£;-p74)(|A| + |A|-i)2+p2) - p^(|A| + |A|-i)3 

rt^ n (10.75)-(10.76) 



' 67-3 ' ^3 . 

8min(p/6, 1/p) ^ 8 



z(|A| + |A|-i)3 - V6(|A| + |A|-i)3" 

Estimate (10.66) follows from (10.23), (10.77). 

Proo/o/ (10.67). Estimate (10.67) follows from (10.24) and (10.75). 
Proo/o/ (10.68). Estimate (10.68) follows from (10.25) and (10.75). 
Prooj of (10.69). Note that 



2n \ ^ (£;-pV4)V^(3 + 7r) (io^64) 



4(3 + 7r) ^ 4(3 + 7r) 



(|A| + \X\-'){{E - p2/4)(|A| + |A|-i)2 + p2)i/2 - ^E- p74)i/7|A| + \X\-'r ' 
In addition, 

<2E^E- > E/2; 
p2 >2E, E- pV2 > zp'^ (see (10.74)) =^ E - pV2 > 2zE. 

Thus, 

^-pV2 > niin(£;/2,22£;) for pe[0,2T^/E]. 

Estimate (10.69) follows from (10.26), (10.78), (10.80). 
Proof of (10.70). Note that 

p3 (10J54) 2p3 (10^74) 2p 



2r2 (£;_p2/4)(|^| + |_x|-i)2 + p2 - + |A|-i)2 ^ 

V2p2 (10^64) 4\/2p^ (10^74) 4^ 



r2 (£;_p2/4)(|^| + 1^1-1)2+^2 - ^(|A| + |A|-i)^ 

Estimate (10.70) follows from (10.28), (10.81), (10.82). 

Proof of (10.71). Estimate (10.71) follows from (10.29), (10.82). 

Proof of (10.72). Estimate (10.72) follows from (10.30), (10.82). 
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Proof of (10.73). Note that 

3 , 3 A / (5 + 3/V2)p (10.64) 



1 + r (1 + V2; 



(10.83) 

(10 + 3v^)p ^ 15 



((i?-p74)(|A| + |A|-i)2 + p2)i/2 - ^(|A| + |A|-i)- 

Estimate (10.73) follows from (10.31), (10.83). 
Lemma 13 is proved. 

Estimate (4.11) follows from (10.12)-(10.14), (10.21), (10.22) and Lemma 13. 
Property (4.10) follows from (10.1), (4.11). 
Lemma 3 is proved. 

11. Proofs of Lemmas 5, 9, 10, 11 

Proof of Lemma 5. Estimate (5.23) follows from (2.8), (2.29a), (5.1), (5.9a). To prove 
estimate (5.24) we proceed from estimates (2.27), (2.29) and equation (2.20). Due to (2.8), 
(2.29), we have, in particular, that 

"^-(^'^^l - (l-ry)(l + |/c-/p)^/^ - 

\h,{k, I) - h,ik, n - v{k - + v{k - 01 < (11-1^) 

where k, I, V e S^^, 7 G S^ |/ - /'| < 1 (and r] is given by (2.31)). 
Consider formulas (6.5)-(6.7) for n = 0. Note that 

/if (fc, /) - /(fc, 0, h^{k, I) = f{k, I) + tf (fc, 0, (11.2) 
where 7 G S^, A;, / G ^y^- The following estimate holds: 

where k,k',le S^^, 7,7' G §^ -fk = Yk' = 0, |7-7'| < 1, |A; - /c'l < 1, < /? < 1/2 (and 
r], 5 are given by (2.31), (5.22)). 

Proof of (11.3). Using (6.7) for n = we obtain that 

^f (fc, ■) - t^'Hk', •) = B^{k)f{k, •) - By{k')f{k', •) + B^{k)t^^\k, •)- 

By{k')t^^\k',-), 



(11.4) 



tf (fc, ■) - tf (fc', ■) = B,ik){fik, ■) - f{k', ■)) + iB,{k) - By{k')) 
ifik', •) + t^'Hk', •)) + B^{k){t^^\k, •) - tf (A:', •)), 



X 
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where k, k' e S^^, 7,7' e S^. We consider (11.5) as a hnear integral equation for 
•) — •). In addition, the foUowing estimates hold: 

\B,(kmk, .) - f(k; .))(oi < (11.6) 

where k, k', I e S^^, 7, 7' G S^ 7/c = 7'/^' = 0, I7 - 7'] < 1, |A; - < 1, < /3 < 1/2, 
E>1. Estimate (11.6) follows from (2.39) (for f3 = 0), (2.27a), (2.28a), (5.22). Estimate 
(11.7) follows from (11.1a), (11.2) and the following lemma: 

Lemma 14. Let B^{k) and Ak be defined by (2.38), (2.40). Then: 
\\At{B^{k) - Sy(fc'))A-'^«||^(g.^^ < c,s{P,i,)E^-'/^f\\ciM.^,^ 



where k, k' G Sy;^, 7, 7' G §^ 7A; = y/c' = 0, [7 - 7'] < 1, > 2, < /? < 1/2, E > 1. 
Proof of Lemma 14. From (2.38) it follows that 

{B^{k)-B^,{k'))U(l) = -j= J U{m){x{m^)-xiW))f{m,l)dm, (11.9) 



I 



TT 

|x(to7) — x(m7')|(im (11.10) 



(5^(fc) - 5y(/c'))A^MOI < ^||/||C(M,),^||«||^(§.^)X 



(1 + |A;-m|2)M/2(i + |to-Z|2)m/2' 

where A;, A;' G S^^, 7, 7' G 7A; = 7' A;' = 0. Consider 

T^k,l = {me : \m- k\ <\m- l\}, 
Vi^k = {m e : \m-k\>\m-l\}, /c, Z G 

Note that 

\m-l\>\k-l\/2 for meVk,l, \m - k\ > \k - l\/2 for meVi,k- (11.12) 
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We have that 



/E I 



^ J (1 + |/c-m|2)M/2(l+ |to-Z|2)m/2 - ^(1+ |A;-;|2/4)M/2 



Xirri'y) - x{m'y')\dm ^ j |x(m7) - xijn'-i')\dm ^ ^ 



(l + |/c-m|2)M/2 J (i + |to_;|2)m/2 



|x(m7) - 


x{Tn'^')\dm 


{l + \k 


-m|2)M/2 



^(1 + |A;-/|2/4)m/2 V y (l + |/c-m|2)M/2 J (1 + _ ;|2)m/2 



/ /■ lx(^7) -X(^7')|c^^ ^ /" lx(^7) -X(^7')|c^^ 



(l + |A;-Z|2/4)/^/2 Vy (l + £;|n-^|2)M/2 J (1 + E|n - f|2)M/2 ^ ' 



(11.13) 

where A;, Z e A; = k/\/E, I = l/\fE. Further, by the Holder inequality we have that 



[J (l + E|n-c.|2)PM/(2(P-i)) J ' 7,7^a;eS^pe]l,+oo[ 



(11.14) 



In addition, 



<^^, pe]l,+oo[, (11.15) 



/ (l + £;|n-a;|2)p/(p-i) ^ E 
y" lx(^7) - X{ni')\^dn = J |x(^7) - x(^7')|c^^ = 



^(7,7') 



(11.16) 



2 / sin('0) / dipdip — 4ip{'y , 'y') < — 17 — 7'] 



where I7 — 7'] < 1 and (^(7,7') is (absolute value of) the angle between 7 and 7'. Note 
that in (11.16) we have used the following: (1) the property that x('^7) ~ x('^7') takes 
values in the set {—1,0,1}; (2) Euclidean basis ei, 62, 63, where ei = 7, 63 = i^^yj) 
62 = — ei X 63, and the standard spherical coordinates related with this basis; (3) the 
formulas |7-7'|/2 = sin((/?(7, 7')/2), 1/2 = sin(7r/6), (7r/3) sin(v?/2) > ip/2 for v? G [0,7r/3]. 

Estimate (11.8) follows from (11.10), (11.13)-(11.16), where p = 1//3. Lemma 14 is 
proved. Thus, estimate (11.7) is also proved. 

Estimate (11.3) follows from (11.5)-(11.7) and (2.39) (for P = 0), (5.22). This com- 
pletes the proof of (11.3). 
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Using (11.2) we obtain that 

h^{kJ)-hY{k'J') =h^{kj) -hyik'J') = 

hj{k, I) — hj'ik' , I) + hyik' , I) — h-yi{k' , I') = 
f{k, I) - f{k', I) + tW(/c, - t^^}{k', l) + 
hY{k',l)-hY{k',l') for k-l = k'-l', 

where 

h^{k,l) = hy{k,l)-v{k-l), f{k,l) = f{k,l)-v{k-l), (11.18) 

k,l,k',U eS^^, 7,7'eS2 _ 

Estimate (5.24) follows from (11.17), (11.18), (2.28b), (11.1b), (11.3), (2.31), (2.8), 
(5.1), (5.9a) and the formulas 

\k{X,p,E)-k{X',p,E)\ = \l{X,p,E)-l{X',p,E)\ = {E-py4y/'\X-X'\, 
\^^{k{X,p, E),p) - 7±(fc(A',p, E),p)\ <\X- X'l 



(11.19) 



A* > A* for < s < t, < A < 1, (E -//4)^^^ < E^^^, (11.20) 

where k{X,p,E) is given by (3.8), l{X,p,E) = k{X,p,E) — p, ^y'^^k^p) are given in (5.1), 
A, A' e T, p e B^^^\C^, r e]0, 1[. This completes the proof of (5.24). 

To obtain (5.25b) we proceed from (5.11), (5.23), (5.24). First, using (5.23), (5.24) we 
obtain that: ri'^P) defined by (5.11a) is a bounded holomorphic function on and is 
extended continuously on UT; H'^ ri'^P) defined by (5.11b) is a bounded holomorphic 
function on D_ and is extended continuously on I>_ U T. Therefore, due to the maximum 
principle for holomorphic functions to prove (5.25b) it is sufficient to prove that 

\H%^^,dX,p)\ < + XeT, pe B,^^\C., (11.21) 

where 

^V,±(^'^^) = ^V(A(lTO),p), AeT, peB^^^\C,. (11.22) 
Proceeding from (11.22), (5.11) we obtain that 



HlrA^,p) = i{p) + iH+{C,p,E) 



v{p)) 



T 



C-A(l-O) 



){p) + l{H+{X,p, E) - v{p)) + ^p.v. j {H+{C,p, E) - v{p)) 

r 



C-A' 



H%,r,-{\P) = v{p) -^.j {H_{C,p,E)-v{p)) 

r 

v{p) + ]^{H_{\p,E)-v{p)) - ^p.v. j{H_{C,p,E)-v{p)y 



(11.23) 



C(C-A(i + o)) 

r 

XdC 

ac^y 

T 
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where XeT, p e B^^^\C^. 

Estimate (11.21) follows from formulas (11.23), where we use the decomposition 



p.v. I = p.v. / + / 



rx,E = {C&r: |c-A|<E-V2}, 

and from the estimation oip.v. J using (5.23), (5.24) and the formulas 



(11.24a) 



p.v. 



C-A 



< 



Cl5 



I 



p.v. 



C(C - A) 



<^. E>1, 



< 



IC-AI - pEf^/^ 



T^\,E 

E>1, 0<P<1, 



(11.246) 
(11.24c) 



and of / using (5.23), (2.31) and the formula 



/ 



IC-AI 



< Ci7ln(l + £;), E>1. 



(11.24d) 



This completes the proof of (5.25b). 
Lemma 5 is proved. 

Proof of Lemma 9. Estimate (6.12) follows from (6.1), (6.4) and (2.39) for /3 = 0. 
Estimate (6.13) follows from (6.2), (6.12), (6.4), (2.39) for = ck (and the property g2 > 
9i)- 

Further, using (6.4) we obtain that 



h^{k, •) - hyik', •) = f{k, •) - f{k', •) + B^{k)h^{k, •) - B^>{k')h^'{k' , •), (11.25) 

(11.26) 



h^{k, ■) - hy{k', •) = f{k, •) - f{k', •) + {B^{k) - By{k'))hy{k', •) + 

B^{k){h4k,-)-hy{k',-)\ 



where k,k' G 7,7' G S^- We consider (11.26) as a linear integral equation for 

hy{k, •) — h^'{k', •). In addition: 



-/(*', 01*?' ^^'^I*-*'! 



(1 + |/c-/|2)M/2 



(11.27) 



where k,k'J G 7,7' G -fk = -f'k' = 0, [7 - 7'] < 1, |A; - A;'| < 1, < /? < 1/2. 
Estimate (6.14) follows from (11.26)-(11.28) and (2.39) for p = 0. 
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Further, we have that 

h^{k,l) - hY{k',l') = {fu.^{k,l) - h^>{k\l)) + {hy{k',l) - hY{k',l')), (11.29) 

where k.k'JJ' e §y^, 7,7' G Estimate (6.15) follows from (11.29), (6.13), (6.14), 
(2.8), (5.1), (5.9a) and (11.19). 

To obtain (6.16) we proceed from (5.11), (2.8), (5.1), (5.9), (6.12), (6.15). In a similar 
way with the proof of (5.25b), to prove (6.16) it is sufficient to prove (6.16) for ^ 
replaced by its limits 

Hl.,+M = <.(A(1 - 0),p) = ^.J H+{C,P,E) ^_^^_^^ = 

T 

^-H+{\p,E)+^p.v. j H+{C,p,E)^ 

T 

<r,-(A,p) = <.(A(l + 0),p) = -^ J H.{C,p,E) ^"^^ 



(11.30) 



r 



C(C-A(i + o)) 



Ih.{X,p,E) + ^P.v. [ H^{C,p,E)- ^'^^ 



27rr-^-y ^^-^-"^'^^C(C-A)' 
r 

where X E T ^ p E ^2tVe\^^- Estimate (6.16) (with H% ^ replaced by ^ follows 
from (11.30), where we use the decomposition (11.24), and from the estimation of p.v. J 

using (6.12) (with (2.8), (5.1), (5.9)), (6.15), (11.24b), (11.24c) and of / using (6.12) 

(with (2.8), (5.1), (5.9)), (11.24d). 

Estimate (6.17) follows from (6.1), (6.7) and (2.39) for (3^0. Estimate (6.18) follows 
from (6.1), (6.7), (6.17) and (2.39) for P = a. 

Further, using (6.7) we obtain that 

t^-Hk, ■) - t^ik', •) = {B,{k)r+'f{k, •) - {B,ik')r+'f{k', •)+ 
t^^'Hk, ■) - t^;:\k', ■) = {{B,{k)r+' - {By{k')r+')f{k', •)+ 

{B^{k)r+\f{k, •) - f{k', •)) + {B^{k) - B'^{k'))t^;:\k' , •))+ (11.32) 
S^(/c)(tW(/c,-)-<?^(/c',-)), 

where k, k' G 7, 7' G S^, n G N U 0. We consider (11.32) as a linear integral equation 
for t^\k, •) — t^\k', •). In addition, the following estimates hold: 



S^+^g2N\k-k'\'' 
(1 + |/c-Z|2)M/2 ' 



\{B,{k)r+\f{k, •) - f{k', •))(0I < I , u, ' ^ (11-33) 
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- 0(01 < ''f^^^'^'^f , (11.34) 

- (B,,(*')r+')/(*'.-)(oi < (".35) 

where n e N U 0, /c, /c', Z e 7, 7' G §^ 7/c = 7'A;' = 0, I7 - 7'] < 1, |A; - k'\ < 1, 

< /3 < 1/2. Estimate (11.33) follows from (6.2) and (2.39) for /3 = 0. Estimate (11.34) 
follows from (6.17), (11.8), (6.1). 

To obtain (11.35) we use, in particular, the formulas 

^^+1 _ ^ _ ^^^^^ ^ _ 

pn+l _ ^n+l|| < _ ^^||||^^||n + ||^^||||^n _ ^n||^ (^^ g^) 

where Ai, A2 are bounded linear operators in C(Sy^), || ■ || denotes the norm of operators 
in C(S^), n e NU 0. Note that (11.38) follows from (11.37) by the induction method. 
Estimate (11.35) follows from (6.1), (6.2), (11.8), (11.38) for Ai = A'j^B^{k)A~^ , A2 = 
A^Sy(A;')A^'', (2.38) and (2.39) for /3 = 0. 

Estimate (6.19) follows from (11.32)-(11.35) and (2.39) for p = 0. Further, we have 

that 

t(^Hk,i)-t^;:\k',i') = {t(:;')(k,i)-t^;:\k',i)) + ityik',i)-tyik',i')), (11.39) 

where n G N U 0, /c, k', /, /' G S^, 7, 7' G Estimate (6.20) follows from (11.39), (6.18), 
(6.19), (6.9), (11.19), (2.28c), (2.28d). 

To obtain (6.21) we proceed from (6.9), (6.17), (6.20) and the definition of T^'^. In a 
similar way with the proofs of (5.25b) and (6.16), to prove (6.21) it is sufficient to prove 
(6.21) for T^''^ replaced by its limits 



r 



dC 



C-A(l-O)' 
1 r \dr (1^-^°) 

r 

where A G T, p G ^2t\/^\^^- Further, the proof of (6.21) (with replaced by T^'" _j_) 
is completely similar to the proof of (6.16) (with ^ replaced by ^ _j_). 
Lemma 9 is proved. 

Proof of Lemma 10. Using (6.4) we obtain that 

h^{k, ■) - h^{k, ■) = f{k, ■) - f{k, ■) + B^{k)h^{k, ■) - B^{k)h^{k, •), (11.41) 

h^{k, •) - h^{k, •) = f{k, •) - />, •) + {B^{k) - B^{k))h^{k, •)+ 
B^{k){h^{k,-)-h^{kr)), 
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where k e 7 e B^{k) is defined by (2.38) with / replaced by /. We consider 

(11.42) as a hnear integral equation for h^{k,-) — h~^{k,-). Using estimate (6.12) with 
hj{k, I) replaced by h^{k,l) and estimate (2.39) (for 13 = 0) with / replaced by / — /, we 
obtain that 

\{B,ik)-B,{k))h,{K-m\ < ^3(0'/^'^>3)^,iV||/-/||c,(^,),, 



- (1 -5i)(l + |A;-Z|2)M/2' 



£;^/2(l -5i)(l + |A;-Z|2)M/2 

V in T I \ J (11.43) 



where 7 G §^ /c, / G Estimate (6.22) follows from (11.42), (11.43) and (2.39) for 

p = o. 

To prove (6.23) we proceed from (6.15), (6.22) and the definitions of H± and H±. 
Due to (6.22) and the definitions of H± and H±, we have that 

\{H± H±mX,p, E),p) - {H± - H±mX',p, E),p)\ < 
2\\f - fWcjM.),, (11-44) 

(l-5l)2(l+p2)M/2' 

where A, A' e T, p e B^^XC,^- Using (6.15) we obtain that 

\{H± H±){k{\p,E),p) (i/± - H±){k{X',p,E),p)\ = 

\H±{k{\p,E),p)-H±{k{\',p,E),p)-{H±{k{\p,E),p)-H^{k{X',p,E),p))\ 



^ ' cio(/x)(l + ^2)ff2iV ^ c^{p,ii){giNf\EP'^\\ - X' 



l-5i (1 - 5i)2£;/3/2 ; (l+J52)/./2 ' 

(11.45) 

where A, A' e T, p e B^^\C^, |A - A'| < (E - p2/4)-i/2^ < p < min(a,l/2). In 
addition: 

\\f - f\\c(ME),t^ = {\\f - f\\c{ME),^J^Y "(11/ - /IIc(Xe),m)^ ^ dl 4fi^ 



(11/ - fWdME),,) {E^^'l^ - for 11/ - /||c(M.).. < i^^/^IA - Ar, 

E^ix - X'f = {Ef'/^IX - X'fY-'{EC/^\X - X'fY < 

(11/ - f\\ciMEuY~'{E'^'\X - X'fY for 11/ - fWciME),. > ^^/'|A - Af, 



where < £ < 1. Estimate (6.23) follows from (11. 44)- (11. 47). 

To obtain (6.24) we proceed from (6.22), (6.23) and the definitions of H±, H±, H'^ .^., 

H% ^. This proof is completely similar to the proof of (6.16). 
Lemma 10 is proved. 

Proof of Lemma 11. Estimate (6.27) follows from (2.36) (for a = 0), (6.1) and the 
property 

|w(|/c-Z|,2toV^,2tV^)| < 1, {k,l) e Me- (11.48) 
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Estimate (6.28) follows from (2.36), (6.1), (6.2), (6.27), the formula 

f{k, I) - f{k\ I') = {u{\k - 112toVe, 2T\fE) - w(|/c' - /'I, 2to/E, 2T\fE))f{k, /) + 
mA;'-r|,2rov^,2Tv^)(/(A;,0-/(A;',O), {k,l)^ME, {k',l')eME, 



(11.49) 

property (11.48) and the inequalities 

\u{\k-l\,2To\^, 2t\^) - u{\k' - 1'\,2toVe, 2r/E)| < 

\\k-l\-\k'-l'\\ \k-k'\ + \l-l'\ ^ . . ^ . . (11.50) 

2[t-tq)VE 2{t-tq)\/E 

Estimate (6.29) follows from (2.36) (for a — 0), (6.1) and the formulas 



1 -'u(|/c-Z|,2ro\/^,2r\/E) = for \k - l\ < 2to\/E , 

\l-u{\k- 1\,2to^/E, 2tVe)\ < 1, 



(11.52) 



(12.1) 



where {k, I) e Me- 

Lemma 11 is proved. 

12. Proof of Lemmas 7 and 8 

Proof of Lemma 7. For 

U, C/i, U2 e L-((C\(r U 0)) X (B2^^\£.)), 

\mE,r,,<r/2, \\\U\\\E,r,,<r, \\m\E,r,^.<r, \\\U2\\\E,r,^<r, 

using Lemma 4 and the assumptions of Lemma 7 we obtain that 

ME,r,uo{U) e L-((C\(r UO)) X (B,^^\C.)), 

\\\ME,rMUmE,r,^ < \\\U'\\\E,r,^ + 1 1 |M^;,,(C/) 1 1 < (12.2) 

r/2 + C5C4{iJ,, T, E)r^ < r, 

\\\ME,rMUl)-ME,r,Uo{U2)\\\E,r,^<2c5C4{fi,T,E)r\\\U^-U2\\\E,^^^^ 

2c5C4{ii,T,E)r < 1, 
where 

ME,r,uo{U) = U^ + MeAU)- (12.4) 

Due to (12.1)-(12.4), ME,r,uo is a contraction map of the ball U E L°°{{C\{T U 0)) x 
(i32^^\£iy)), 1 1 I |£;,T,/u ^ f- Using now the lemma about contraction maps and using 
the formulas 

oo 

1 1 1 U - (0) 1 1 1 E,r,, < E 1 1 1 - Kr,UO (0) 1 1 1 E,r,,, (12.5) 

j=n 

\\\ME,r,Uom - 0\\\E,r,^ = \\\U'\\\E,r,^ < r/2, (12.6) 



(12.3) 
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-^i;,r,c/o(0)llli5,r,,. 2c,C4{E,r,i,)rx ^^^.T) 

1 1 \Mir,uo (0) - M^^-^\^o (0) 1 1 1^;,.,^, J = 1, 2, 3..., 
where ^ i7o(0) = 0, we obtain Lemma 7. 
Proof of Lemma 8. We have that 

U-U = U'^ -U^ + ME,r{U) - ME,r{U), (12.8a) 

MeAU) - MeAU) = MeAU -U,U)+ MeAU, U - U), (12.86) 

where 

Me.AUu (72)(A,p) = M+JUu (72)(A,p) = 

MeAUuU2){\p) = M^^,([/i, t/2)(A,p) = 



where (C/i, ?72)(C,p) is defined by (5.13). 

In view of (12.8b) we can consider (12.8a) as a hnear integral equation for "unknown" 
U -U with given -U^, U, U. 

As well as (5.19), using also Lemma 7 we obtain that 

I \\MeAU -U,U)- MeAU, U - U)\ \\E,r,,. < ^c^c^ifi, r, E)r\ \\U - U\ \\E,r,^. (12.10) 

Using (12.8b), (12.10) and solving (12.8a) by the method of successive approximations we 
obtain (5.29). Lemma 8 is proved. 



References 

[ ABF] M.J.Ablowitz, D.Bar Yaacov and A.S.Fokas, On the inverse scattering transform for 

the Kadomtsev-Petviashvili equation^ Stud. Appl. Math. 69 (1983), 135-143. 
[ ABR] N.V.Alexeenko, V.A.Burov, O.D.Rumyantseva, Solution of three-dimensional acousti- 
cal inverse scattering problem based on Novikov-Henkin algorithm, Acoustical Journal, 
to appear (in Russian). 
[ BC] R.Beals and R.R.Coifman, Multidimensional inverse scattering and nonlinear partial 
differential equations, Proc. Symp. Pure Math. 43 (1985), 45-70. 
[BBMR] A.V.Bogatyrev, V.A.Burov, S.A.Morozov, O.D.Rumyantseva and E.G.Sukhov, Nu- 
merical realization of algorithm for exact solution of two-dimensional monochromatic 
inverse problem of acoustical scattering, Acoustical Imaging 25 (2000), 65-70 (Kluwer 
Academic/Plenum Publishers, New York). 



49 



R.G.Novikov 



[ BMR] V.A.Burov, S.A.Morozov and O.D.Rumyantseva, Reconstruction of fine- scale struc- 
ture of acoustical scatterer on large-scale contrast background, Acoustical Imaging 26 
(2002), 231-238 (Kluwer Academic/Plenum Publishers, New York). 
[ Ch] Y.Chen, Inverse scattering via Heisenberg's uncertainty principle, Inverse Problems 
13 (1997), 253-282. 

[ ERl] G.Eskin and J. Ralston, The inverse back-scattering problem in three dimensions, Com- 

mun. Math. Phys. 124 (1989), 169-215. 
[ ER2] G.Eskin and J. Ralston, Inverse back- scattering in two dimensions, Commun. Math. 
Phys. 138 (1991), 451-486. 
[ Fl] L.D.Faddeev, Mathematical aspects of the three-body problem in the quantum scatter- 
ing theory, Trudy MIAN 69 (1963). 
[ F2] L.D.Faddeev, Growing solutions of the Schrddinger equation , Dokl. Akad. Nauk 
SSSR 165 (1965), 514-517 (in Russian); English TransL: Sov. Phys. Dokl. 10 (1966), 
1033-1035. 

[ F3] L.D.Faddeev, Inverse problem of quantum scattering theory II , Itogi Nauki i Tekhniki, 
Sovr. Prob. Math. 3 (1974), 93-180 (in Russian); English transL: J.Sov. Math. 5 

(1976), 334-396. 

[ FM] L.D.Faddeev and S.P.Merkuriev, Quantum Scattering Theory for Multi-particle Sys- 
tems, Nauka, Moscow, 1985 (in Russian); English transL: Math. Phys. Appl. Math. 
11 (1993), Kluwer Academic Publishers Group, Dordrecht. 

[ Gel] I.M.Gel'fand, Some problems of functional analysis and algebra. Proceedings of the 
International Congress of Mathematicians Held at Amsterdam (1954), 253-276. 

[ GM] P.G.Grincvich and S.V.Manakov, The inverse scattering problem for the two-dimen- 
sional Schrddinger operator, the d- method and non-linear equations, Funkt. Anal, i 
Pril. 20(2) (1986), 14-24 (in Russian); English transL: Funct. Anal, and Appl. 20 
(1986), 94-103. 

[ GN] P.G.Grincvich and R.G.Novikov, Analogues of multisoliton potentials for the two- 
dimensional Schrddinger equations and a nonlocal Riemann problem, Dokl. Akad. 
Nauk SSSR 286 (1986), 19-22 (in Russian); English transL: Sov. Math. Dokl. 33 
(1986), 9-12. 

[ Gro] M.Gromov, Possible trends in mathematics in the coming decades. Mathematics Un- 
limited - 2001 and Beyond (B.Engquist and W.Schmid, eds) Springer, Berlin, 2001, 
525-527. 

[ HN] G.M.Henkin and R.G.Novikov, The B- equation in the multidimensional inverse scat- 
tering problem, Uspekhi Mat. Nauk 42(3) (1987), 93-152 (in Russian); English transL: 
Russ. Math. Surv. 42(3) (1987), 109-180. 
[ M] S.V.Manakov, The inverse scattering transform for the time dependent Schrodinger 
equation and Kadomtsev-Petviashvili equation, Physica D 3(1,2) (1981), 420-427. 
[Mand] N.Mandache, Exponential instability in an inverse problem for the Schrddinger equa- 
tion. Inverse Problems 17 (2001), 1435-1444. 

[ Nol] R.G.Novikov, Construction of a two-dimensional Schrddinger operator with a given 
scattering amplitude at fixed energy, Teoret. Mat. Fiz. 66 (1986), 234-240. 

[ No2] R.G.Novikov, Reconstruction of a two-dimensional Schrddinger operator from the scat- 
tering amplitude at fixed energy, Funkt. Anal. iPril. 20(3) (1986), 90-91 (in Russian); 



50 



Approximate inverse scattering at fixed energy in three dimensions 



English transL: Funct. Anal, and Appl. 20 (1986), 246-248. 

[ No3] R.G.Novikov, Multidimensional inverse spectral problem for the equation —Ai/j + 
{v{x) - Eu{x))iIj = 0, Funkt. Anal, i Pril. 22(4) (1988), 11-22 (in Russian); English 
transL: Funct. Anal, and Appl. 22 (1988), 263-272. 

[ No4] R.G.Novikov, The inverse scattering problem on a fixed energy level for the two- 
dimensional Schrodinger operator, J. Funct. Anal. 103 (1992), 409-463. 

[ No5] R.G.Novikov, The inverse scattering problem at fixed energy for the three-dimensional 
Schrodinger equation with an exponentially decreasing potential, Commun. Math. 
Phys. 161 (1994), 569-595. 

[ No6] R.G.Novikov, Rapidly converging approximation in inverse quantum scattering in di- 
mension 2, Physics Letters A 238 (1998), 73-78. 

[ No7] R.G.Novikov, Approximate inverse quantum scattering at fixed energy in dimension 
2, Proceedings of the Steklov Mathematical Institute 225 (1999), 285-302. 



51 



